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Trellises of Convolutional Codes

. a code trellis as termed by Forney is a structure obtained from a

code tree by merging those nodes in the same state.

. Recall that the state associated with a node is determined by the

associated shift-register contents.

. For a binary (n, k, m) convolutional code, the number of states at

levels m through L is 2%, where K = Z§:1 K, and K is the

length of the jth shift register in the encoder; hence, there are
2K

nodes on these levels.

. Due to node merging, only one terminal node remains in a trellis.

. Analogous to a code tree, a path from the single origin node to

the single terminal node in a trellis also mirrors a codeword.
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System Model®

_u, BPSK X‘JA r,

E d > D d
ncoder modulator U ecoder

For an (n, 1, m) convolutional code:

u = (ug,ui,...,ur—1) € {0,1}¥ is the information bit sequence.

v = (vg,v1,...,vn_1) € {0,1}¥ is the code bit sequence.

x = (20, 1,...,2n_1) € {—1,1}V is the BPSK-modulated code
bit sequence, where x; = (—1)"7.

e = (ep,€1,...,eN_1) € RV is a zero-mean i.i.d Gaussian vector
(AWGN).

2All material of MAP algorithm and turbo codes are adapted from the lecture
note by Prof. Po-Ning Chen
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o r=(r9,71,...,7nv—1) € RV is the received vector, where

Ty =I5 1 €.

e U= (g, y,...,05_1) € {0,1}¥ is reconstructed information bit

sequence.
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BCJR (MAP) Algorithm (1)

Pr{u; = 0|r} Z Pr{S.,S: | r}
(53,557 )eB”

Pr {Sg, Sgﬂ,r}
Z Pr{r} ’

(s:,85 ) eB™

where Bgo) is the set of transition from nodes at level 7 to nodes

at level 1 + 1, which corresponds to input u; = 0.
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Z Pr{Sé,SgJ“l‘r}

(8,8 eBV
Pr {S;i, St r}

Z Pr{r} ’

(51,8 HeBtt

S

where Bgl) is the set of transition from nodes at level 7 to nodes

at level 7 4+ 1, which corresponds to input u; = 1. Therefore,

Z Pr{Sé,Sg’H,r}

(5,8 eBtt

Z Pr{Sé,SéH,r}

(51,55 eB;”
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Pr{s, vy}
Pr{r, ~'| St}

Pr{ui = u, S§+1, (it1)n = 1‘ SZ} U

where r; = ey Th)
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Pr{Sé,SEH,r}
i @i+l in—1 _(i+1)n—1 _N-1
Pr{SS,S;r ,Tg ,rgn ) 7r(i—|—1)n}

) z—|—1 in (z—|—1)n 1
Pr { r(z+1)n Ss, S5 }

’L?”L

xPr{Sé,SéH,rm P Dn— 1}

zn

Pr { r(z_|_1)n Sz—|—1} Pr {S;,’ Sz—|—1 in E;—i—l)n 1}

B(SEH) - Pr{ st S5t vy p
B(SET) - Pr{ sttt x(FOn 1)5 o e st
PrdSi eyt h A(SETPr{ S S e

zn

r{Sz,rm 1}5 z—|—1 {Sg+1’r§;—|—1)n—l S;}
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3. Derivation of a: a(S)) = 1; a(S}) = a(S9) = a(ST) = 0.
For:=1,...,L,

a(Sé) = Pr{Sé,rén_l}

3

Zo Pr {sg_l, s, rén_l}
o=

3
i—1 i (i—1)n—1 _in—1
SZ:OPT{SS o gy ’r(i_l)n}

{Si in—1 Sz‘—1’r(()z‘—1)n—1}

5 (i—1)n|"s

in—1 i—1 (i—1)n-—1
Tli—1)n|%s 2 T0 }

in—1 1—1
forinol sl }
1
1—1 i—1 1
a(SyT ) > y(u, Sy T, 8%).

u=0

4. Derivation of 3: 8(S¥) = 1; B(S¥) = B(S%) = B(S%) = 0.
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Fore=L—1,...,0,
sty £ pefeN-1|si)
> pr{ s, N1 51}
to Pr {si, sitl, N1
=N

 id1 (i+D)m—1 N-—1
Pr{S%,Sé‘i‘ . 3 ’r(i—i—l)n}

3
Sgo Pr{Sg}

5 pr{eN71 sg,sg+1,r<i+1>n—1}pr{sg,sgﬂ,r(i“)n—l

in in

YG+1)n

)

Pr {S%}
S;'Jrl} Pr {S gi+l, r(”l)n_l}

é’ n
Pr {S%}

YG+1)n
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3. p(sithypr{si, sitl, ((FOn 1
s—=0 Pr{S%}
3 ﬁ(sg”rl)Pr{S;”rl,rz(.ﬁl)”_l‘sg}Pr{sg}

>

s=0 Pr{Sg}

3 . . . .
p(sithpe { st 20—l i
0

S
sS—

3 . 1 ) . ;
> p(sith) 3 pr{u, siHL DO st

n
s=0 u=0

3 . 1 . .
ST Bsit) ST y(u, sE, sET).
s=0 u=0

5. Derivation of v: 3(S%) = 1; B(SE) = a(S%) = a(SE) = 0.
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i1 i1
u, St, st }Pr{u,sg,sg }
Pr{Sé}

u, Sg} Pr {u, Sg, Sé—i_l}

Pr{Si}

x(i—i_l)n_l} Pr {u, Sg, Sé—i_l}

in

Pr{S%}

x(i—i_l)n_l} Pr {u ‘Sg, Sé—i_l } Pr {Sg, Sé—i_l}

imn

Pr{sSt}
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in n

{Pr { Sé+1| Sé} Pr { rgi—i_l)n_l‘x(i—i_l)n_l} , (Sg, Sé—i_l) € B,Eu)§

Pr { r(i+1)n_1‘ x(i—i_l)n_l} Pr {u ‘S;, Sé—i_l }Pr { Sé—i_l‘ S;}

mn

0, otherwise;

Va2rmo 2052

0, otherwise;

Pr{sg ‘Ss} exp{zj:m (rj (%) } (Sg,szﬁl) c 5w,

' R SEEDT T Gy = w ()2
I 202

| gitl (u),
}, (5,8t e BS™;

otherwise.

Note:

e z; is indeed a function of u (or u;) and S%. For notation
simplification, we denote it by x;(u).

Pr {u }Sé, Sitl } is either 1 or 0.
The initial value of Pr { Sg“} Sé} can be chosen as 1/K, where K
is the number of edges on trellis, which starts from node S’ and
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ends at a node at level 7 + 1.
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BCJR (MAP) Algorithm (2)
step 1: Forward recursion
step 1-1:
o a(Sp) =1; a(SY) = a(S2) = a(S3) = 0.
step 1-2:

e For:=0,...,L—1, s=0,1,2,3, §=0,1,2,3, w=0,1,
compute

v(u, 8%, S5

1+1)n—1
( ST () — 25(w))?

Pr{u; = u} -
V2mo

0, otherwise.

207 . (8555 e B
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e Fori=1,...,Land 5=0,1, 2,3,

3

a(S) = Y alSs) Y y(u, 87 S%).

s=0
step 2: Backward recursion
step 2-1:
o B(Sy) =1; B(ST) = B(Sz) = B(S5) = 0.
step 2-2:
e Fori:=L—1,...,0and 5=0,1,2,3, compute

3

1
(S5 D v(u, 85, 857,

s=0 u=0
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step 3: Soft decision. For:=0,...,L — 1,

ST alsHBSET S A(u, 8L, S5

(si,sit et u=0

A(7) = log
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Turbo Encoder

original sequence

l

s

l

interleaved sequence
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[terative decoder

MAP
Decoder 1

Deinterleaver

» Decoder output G

Interleaver

Interleaver
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MAP algorithm revisited

Pr{u; = 1|r}
Pr{u; = 0|r}

does not (exactly) provide the information of

A7) = log

Pr{u; = 1} = 1-Pr{u; = 0}, which is the information requires
for each component decoder of the iterative decoder.
2. Recall for (3,1) code (i.e., n = 3):

' SOOI T oy — ey w)?

C(siisith e (),

pi(u) .

. 11
v(u, st sith)
V2mto

otherwise,

S§ " gy = g (w))?

202 . (si,si e Bl

otherwise,

where, for convenience, denote Pr{u; = u} by p;(u).
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MAP algorithm revisited

) . 1 ) )
3 a(SHB(SLTY) ST ~y(u, sk, st

u=0

log

(S%,

(5%,

i+1 0
Sng )eBg )

i+1 1
Sng )eBg )

. . 1 . .
S a(sHBSETY) 3T y(u, 5%, 5T

u=0

ZS(i—l—l)—l

j=3i (rj

21

) a(s;')ﬁ(S;'“)pi(l)exp{— —

- o:j<1>>2}

log

(S,

3(i+1)—1
j=3i

(rj —

202

3 a(SHYB(SET ) p, (0) exp {—
S;“‘l)eb’go)

wj<o>>2}
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(r3; — 23;(1))% + Z?S;ﬂlﬁfl T

> a(SLHB(SLT)p; (1) exp

: P
i ot+1 (1)
(8%,85 " 7)eB;

= log |
i (r3; — w34(0)% + £5UFD T
) a(sHB(siT ), (0) exp 3i 7 73 j=3i11

il 0
(8%,8%F )EBE. )

252

3 a(SHB(SETH)p; (1) exp

. 252
; qt+1 (1)
(84,85 7)eB;

= log -
3(i+1)—1
(rg; + (-1)0)2 + £30LD]
202

> ( )a(Sé)ﬁ(S;ﬁl)pi(mexp
(si,sityenl?

{ (rgi + (—1H2 4 SICFD L

3(i+1)—1
Zj(:3i—|—)1 (rj — =5 (1))?

2052

3(i+1)—1
2 a(SL)B(STT 1P (0) exp { Xjmsifr (g~ (0D }

| gitlycp(0)
(S%,S5 1 )eB;

3 a(SHB(s Ty, (1) exp {—

2 (Sg,syl)ezﬁgl)
= —1r3; + log
o2

2052
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Z?(:i:;ri?fl(rj — z;(1))2

i it1
> a(siys(st )exp{ e

: 41 1
(si,sithyen(t)

|

+ log |
3(i4+1)—1
Zj(:37L+)1 (rj — wj(O))Q

i it1
Z a(Sg)B(Sg )exp{— "

(Sé,SéJrl)eBgO)
p; (1)

2
= los + — 73 + Ae (i),
pi(O) o2 37 e

3(i+1)—1
Ej(:3i—|—)1 (rj —xj(1))2

2052

Z O‘(Sé)ﬁ(sé—i_l)exp —
(si,sithesl

yAN
Ae(i)= log - |
(i+1)—1
> a(s8)B(sit1) exp {_ Sisgipr (ry — w007 }
(si,sit1yep(® 202
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1. Ac(7) is called the extrinsic information, and is (together with

2r3;/0?) used to improve the a priori probability estimate

log[p;(1)/p;(0)] for the next decoding stage.

As a consequence,

PAY) — AG) ~ Syran — Al

1
% 0i(0) o2
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[terative MAP decoder
ASY

ALY

Deinterleaver [«

Y

MAP
Decoder 1

INR

Interleaver

A

Interleaver MAP
Decoder 2

ALY

Y

Deinterleaver
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A 4 2 + AL

2
A(t) _|_ _I. +A(t 1)

where A is the interleaved version of A.
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Iterative MAP decoder
step 1: Ag;) = 0.
step 2: Fort=1,2,...,T, where T is the total number of iterations:
e calculate Agt) (based on the prior provided by Agte_l):

eAéte )('L)

Pr{u; =1} =
1+

e output (by the first MAP decoder)

2 _
A =AY — e - Ay,

o2

e calculate Agt) (based on the prior provided by MQ)
e output (by the second MAP decoder)

2
—= I — Agte)

A (T t
AD = AP -2
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step 3: Make the final (hard) decision on u based on AgT).
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Performance of iterative MAP decoder

. The interleaver is the Berrou-Glavieux interleaver with size
256 x 256 (k = 8).

. For 18 iterations, the Ej /Ny is around 0.7 dB for BER=10"",
which is around 0.5dB from the Shannon limit.
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Performance of iterative MAP decoder

Binary,
Error |
Rate

1971

5

theoretical
lirnit
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Some Important Codes

. Algebraic codes— cyclic codes, Bose-Chaudhuri-Hocquenghem

codes (BCH codes), Reed-Solomon codes (RS codes),
Algebraic-Geometric codes (AG codes).

. Codes for bandwidth-limited channels- Ungerboeck codes.

. Codes approaching Shannon bound- turbo codes,

low-density-parity-check codes (LDPC codes).

. Codes for multi-input (multiple transmit antennas) multi-output

(multiple receive antennas) channels- Space-time codes.
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