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Random Variables Random Variables

* Sample space is often too large to deal with directly * A random variable is a function that assigns a
* Recall that flipping a coin 100 times real number to each outcome in sample space
* Record 1 for head and 0 for tail of a random experiment
* Sample space: 2!% * A function represented by a symbol X(-) or X
* If we don’t need the detailed actual pattern of 0’s and « Not an observed value of a variable

1’s, but only the number of 0’s and 1’s, we are able to

reduce the sample space from size 2" to size (100+1) as

{0, 1,2, ..., 100} * Range: a subset of the real numbers.
« Abstractions lead to the notion of a random variable

* Domain: sample space of some experiment
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Random Variables Random Variables
) ) * A capital letter is typically used as an abstract
* arandom variable X takes a series real number symbol for a random variable as X, Y, Z ...
-X=0,1,2,...,%,...,100 —X could represent the total number of “head”
—X denotes the number of heads of tossing 100 —Y could represent the body weight in kg
coins » After an experiment is conducted, the measured
~Y=65,49,73, ..., ..., value (actual numerical value) of the random

variable is denoted by a lowercase as X, y, z ...

~ Y denotes the body weight in kg and are called as the realization of the random

* Each occurrence of a random variable, X, has an variable or the observed value
associated probability —x=2
=Py (X=0), Py (X=1), Py (X=2), ..., Px (X=x), ... —y=65
200510 T (Y=65) f. (VMVZ’T%\ f. | 2005/10/19 Jeff Lin MD. PhD. 6
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Random Variables

In Symbols In Words

X=x an individual's body weight equals a specific value
X

P(X=x) the probability of an individual's body
weight is a specific value x

X>x an individual's body weight is greater than a
specific value x

P (X>x) the probability of an individual's body
weight is greater than a specific value x

P (a<X<b) |the probability of an individual's body
weight is greater than a specific value a and
less than a specific value b
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Random Variables

* Toss 3 fair coins, let X be number of Head appearing,
then X is a random variable with possible values
(0,1,2,3)

N HHH | HHT | HTH | THH | TTH | THT | HTT | TTT

X(s)=X | 3 2 2 2 1 1 1 0

* With probability

X 0 1 2 3
P(X=x) 1/8 3/8 3/8 1/8
1 2005/10/19 Leff Lin, MD. PhD.

Random Variables

* A discrete random variable is a random variable
with a finite (or countably infinite) range.

* A continuous random variable is a random
variable with an interval (either finite or infinite)
of real numbers for its range.
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Random Variables

* Examples of discrete random variables:
number of scratches on a surface, proportion of
defective parts among 1000 tested, number of
transmitted bits received in error.

» Examples of continuous random variables:
electrical current, length, pressure, temperature,
time, voltage, weight
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Probability Distributions

* Since values of a random variable change
from experiment to experiment, we have a
distribution of possible outcomes.
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Fill on 16 oz bottle of Pepsi # of defects in a random sample of 5
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Distribution of a Random Variable

* The cumulative distribution function or c¢df of
a random variable X, denoted by Fy (x) is
defined by

Fx (x) =Py (X <x), for all x.
* We can treat “distribution” as “probability”.
—cdf: a function

—cdf tells how the values of the r.v. are
distributed

—cdf'is a cumulative distribution function since
it gives the distribution of values in

Lkl nd Leff Lin, MD. PhD.
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Cumulative Distribution Function

* Toss 3 fair coins, let X be number of Head appearing,
then X is a random variable with possible values
(0,1,2,3) with cdf

X 0 1 2 3
P (X=x) 1/8 3/8 3/8 1/8
X 0=<x<l1 1<x<2 | 2<x<3|3<x<o
F(X <x) 1/8 12 7/8 1
2005/10/19 Leff Lin, MD. PhD. 13

Probability Density Functions (pdf)

* We can graph pdf's PO for o1 s 3 s of 0o
usefully. 1

+ For instance we can
graph the pdf for
flipping a coin three .
times using a “discrete |
density graph” or a )
histogram. 025

s .

* We can also display

them tabularly as in

the table below the Fofthads
histogram.
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Probability Density Functions (pdf)

PDF for # of Heads in 3 fiips of a Coin

1

05

Probability

38 318

18 i

0

o PDF for # of Heads in 3 flips of a 8 38 38 8
Coin

#of Heads

2005/10/19 Leff Lin, MD. PhD.

Cumulative Distribution Functions

CDF for # of Heads in 3 flips of a Coin

Probability
°
&

¢8O

-2 -1 0 1 2 3 4
# of Heads
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Discrete Random Variables

and

Probability Distributions
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Probability Distribution of

a Discrete Random Variable

The probability distribution or
probability mass function (pmf) of a
discrete rv is defined for every number

xby p(x)=P(alls € S X (s)=x).

| 2005/10/19 Jeff Lin MD. PhD.
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pmf: Proposition

For any two numbers a and b with g < b,
Pla< X <b)=F(b)—F(a-)

“a—" represents the largest possible X
value that is strictly less than a.

Note: For integers
Pla<X<bh)=F(b)-F(a-1)
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Cumulative Distribution Function of
a Discrete Random Variable

The cumulative distribution function (cdf)
F(x) of a discrete rv variable X with pmf
p(x) is defined for every number by

F(x)=P(X<x)= 3, p(y)
Vysx
For any number x, F(x) is the probability

that the observed value of X will be at
most x.

| 2005/10/19 Jeff Lin MD. PhD.
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Probability Mass Function
a Discrete Random Variable

* Random Variable, X, has possible variables, {x,, x,,
X3, oo0 Xpf
- P(X=x;) = f(x;)
—f(x)>0
-2 fx)=1
* f(x,) is a probability mass function (pmf)
* For example:

—P(X=0} = 0.04
—P(X=1} =032
—P(X=2} = 0.64
2005/10/19 TgﬁLin MD. PhD 21

Example: Probability Distribution
for the Random Variable X

A probability distribution for a random variable X:

x s 3l alol 1] 476
P(X=x){0.13 le 0.17 | 0.20 0.@ 0.11 | 0.09

Find

a. P(X<0)

b. P(-3<X<1) |0.67

| 2005/10/19 Jeff Lin MD. PhD.

Example

* Suppose we do an experiment that consists of tossing a
coin until a head appears.

* Let p = probability of a head on any given toss

* Define a random variable X = number of tosses required
to get a head. Then, for any X=1, 2, ...

* P(X=0)=1-p

* P(X=1)=p

* P(X=2)=P(ap)=(1-p)x(p)

* P(X=3)=P(aap)=(1-p)*x(p)

* PX=x)=(1-p)*'x (p)

* Geometric Distribution with pmf of f(x)=(1-p)*!x (p)
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Discrete Density Function

e Discrete Random Variable (Equivalence):
— Probability mass function (pmf)
— Discrete probability function
— Discrete frequency function

(consider inteier valued random variable)
Lx]
-t
e pmf: p, =F(k)-F(k-1)

| 2005/10/19 Jeff Lin MD. PhD.
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Continuous Random Variables

Continuous Random Variables e If there is a nonnegative function f(x) defined
over the whole line such that

and §
P(x1 SXsz)zjzf(x)dx

Probability Distributions for any x, x, satisfying xlxﬁlxz, then X is a
continuous random variable and f(x) is called its
density function

2005/10/19 Leff Lin, MD. PhD. 2 1 2005/10/19 Leff Lin, MD. PhD. 0

Probability Density Function (pdf)

* For a continuous random variable X, a probability

density function is a function such that : fs
@) [redax=1 e ;

Probability determined from

b
NpasX<b)= I-f(x)dx = area under curve
3)p
@ the area under f(x)

of f(x) from a to b for any a and b

2005/10/19 Leff Lin, MD. PhD. 2 1 2005/10/19 Jeff Lin, MD. PhD. 8

Probability Density Function

* f(x) is zero for x values that cannot occur and it is
assumed to be zero wherever it is not specifically

defined. #
* Histogram: An approximation to f(x). For each
interval of the histogram, the area of the bar equals the
relative frequency (proportion) of the measurements of
the interval. This is an estimate of the probability that a =
measurement falls in the interval.
* The area under f(x) over any interval equals the true Histogram approximates a

ility th falls in the i 1. - . .
probability that a measurement falls in the interva probability density function

2005/10/19 Leff Lin MD. PhD. 29 1 2005/10/19 Leff Lin, MD. PhD. 30
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Probability Density Function

* By appropriate choice of the shape of f(x), we can
represent the probabilities associated with any
continuous random variable X.

* The shape of f(x) determines how the probability that
X assumes a value in [a,b] compares to the probability
of any other interval of equal or different length.

* Since p(X =x) =0, to get p(X = x), we integrate f(x)
over a small interval around X=x.

2005/10/19 Leff Lin, MD. PhD.

Probability Density Function

» If X is a continuous
random variable, for any
X, and X,,

* P(x;£X<xy)
—p(x; <X <£x,)
—p(x; <X <x,)
=p(x; <X <X,). fw

12005/10/19 Lef, 125 126

Cumulative Distribution Functions

¢ The cumulative distribution function of a continuous
random variable X is

F(x) = P(X < x) = j f(u)du
For-oo<x<w e

* F(x) is a continuous function (compared with F(x)
for a discrete random variable that is not
continuous).

* A continuous random variable may be defined as one
that has a continuous cumulative distribution
function.

2005/10/19 Leff Lin, MD. PhD.

Cumulative Distribution Functions

e The cdf F of a continuous random variable has
the same definition as that for a discrete random
variable. That is,

F(x)=P(X <x)

* In practice this means that F is essentially a

particular antiderivative of the pdf since

F(x)=P(X <x)=| f()dt

* Thus at the points where f is continuous
F (x)=f(x).

| 2005/10/19 Jeff Lin MD. PhD.

Probability Density Function

For f(x) to be a pdf
1. f(x) > 0 for all values of x.

2.The area of the region between the
graph of fand the x — axis is equal to 1.

¥
y=/(x)
Area=1

[ x

2005/10/19 Leff Lin MD. PhD.

Probability Density Function

given by the area of the shaded
region.

¥

a b
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Find Probability from PDF Cumulative Distribution Functions

PDF is used to find P(a <X<b) * Knowing the cdf of a random variable greatly
b facilitates computation of probabilities involving
Pla<x<bh)= . .
(a<x<b) Lf(x) i 100 that random variable since, by the Fundamental
For example 75 ] Theorem of Calculus,
(=025 050 7
0.25 7

P(zsxsz.)=f0425¢1x=0425x\2=0.25 /g | Ha SXS[)) :F(b)—F(a)

3 3
P(x=3) =L 0.25dx=025¢| =0

Pla<x<b)=Pla<x<b)=Pla<x<b)=Pla<x<b)
P(X=x)=0

2005/10/19 Leff Lin, MD. PhD. 3 1 2005/10/19 Leff Lin, MD. PhD. 3

Cumulative Distribution Function ..
Revision
(CDF)
e pdff(x)=0.25, for 0<x<4 (1) f(X) >0
=0, otherwise
1.00
0.75 —
Cumulative density function, F(x) 050 (2) .[f(x)dx =1
. 025 7] 3) p(a < X <b) = area under the curve
F(x):_[ Fu)du, —o<x<oo :[[‘,__X. (3) p( )
.« x 12 3 4
F(x)= [ 0.25du=025u] =0.25x,
o 0 1.00
O<x<4 075
Uniform distribution: 050 —f-
1 025 0 !
f(x)=b7a;a<x<b ‘ ‘3 ‘ X
1 2 3 4
2005/10/19 TgﬂLin MD. PhD. 39 1 2005/10/19 Jeff Lin, MD. PhD. 40 ]

The Expected Value (Mean) of X

EXp ected Values and Variance Let X be a discrete rv with set of

£ possible values D and pmf p(x). The
0 expected value or mean value of X,
denoted E(X) or iy, 1s

E(X)=py = ), x-p(x)

Discrete Random Variables

xeD
p=EX)=> xf(x)
X
2005/10/19 TgﬂLin MD. PhD. 4] 1 2005/10/19 Jeff Lin, MD. PhD. 4




05BioST03 Random Variables 2005/10/19

Ex. Use the data below to find out the expected Samphng Variation
ber of th ber of credit cards that a student
RUDET OF HIE UMDET OF CTedit cards that a studen 28 51 5426 38 41 41 37 31 50 33 42 34 26 34
will possess.
) Random sampling: 3 subjects per sample
x = # credit cards
— Sample i sa01 sa02 sa03 sa04 sa05
X | POEN | E(X)=xpy +Xapy et X, 0,
0 0.08 X 50 26 41 50 34
N 008 =0(.08)+1(.28) +2(.38) + 3(.16) % 51 2% 37 %) 2%
+4(.06)+5(.03) + 6(.01
2 038 (:06)+5(.03)+6(0N) Xis 54 31 31 32 34
3 0.16 =1.97 Sample 51.66 28.33 36.33 38.33 31.33
4 0.06 Mean
5 0.03 i
| About 2 credit cards | Ssample | 433 | 633 | 2533 | 10233 | 2133
6 0.01 Variance
2005/10/19 Jeff Lin, MD. PhD. 43 | 20057T07T0 Jeff Lo MD_PhD- 44

Population Mean

Population) Variance of
= Expected Value of Population (Pop )

Discrete Random Variable

* Sample means vary from sample to sample.

» Sample mean values vary because different Let X have pmf p(x), and expected value
samples are made up of different observations, Then the variance of X, denoted V(X)
. . . b
called sampling variation. (or O_g( or 0_2)’ is
* The expected value E (X) = p of a population 5 5
is not subject to sampling variation and depends V(X)= Z (x—p)" - p(x) = E[(X - 1)7]
entirely on the components of the probability D
distribution. The standard deviation (SD) of X is
Oy = 0_)2(

2005/10/19 Leff Lin, MD. PhD. 4, 1 2005/10/19 Jeff Lin, MD. PhD. 46
Ex. The quiz scores for a particular student are V(X)=.08(12— 21)2 +.15(18—21)2 + .31(20—21)2
given below: 5 5 5

22,25, 20, 18, 12, 20, 24, 20, 20, 25, 24, 25, 18 +08(22-21)" +.15(24-21)" +.23(25-21)
Find the variance and standard deviation. V(X)=13.25

Value 12|18 | 20 | 22 | 24 | 25

Frequency 1 2 4 1 2 3 o=V(X) |=+13.25%3.64

Probability | .08 | .15 | 31 | .08 | .15 | .23
u=21

2 2 2

VX)=pi(x1=p)" +pa (3o = 1)+t Py (3~ 12)

o=V (X)

)
2005/10/19 Leff Lin MD. PhD. 4 1 2005/10/19 Leff Lin, MD. PhD. 48]
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Expected Values and Variance

of

Continuous Random Variable

2005/10/19 Leff Lin, MD. PhD.
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(Population) Mean
= Expected Value

The expected or mean value of a
continuous rv X with pdf f(x) is

o]

,uX:E(X): I x- f(x)dx

—00

Leff Lin, MD. PhD.

S0

Variance and Standard Deviation
The variance of continuous rv X with
pdf f(x) and mean £ is

ok =V ()= [ (x= ) f(@)dx
= B[(X - )]

The standard deviation is o = |V (x).

2005/10/19 Leff Lin, MD. PhD.
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Example: Continuous Distribution

* A continuous random variable X with probability

density function
f(x)=1/(b-a), a<x<b
is a continuous uniform random variable.

b+a _ 2
. _(b-a)

12

u=EX)=

Jeff Lin, MD. PhD.

Rules of the Expected Value
and Variance

2005/10/19 Leff Lin MD. PhD.
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Rules of the Expected Value
E(aX+b)=a-E(X)+b

This leads to the following:
1. For any constant a,
E(aX)=a-E(X).

2. For any constant b,
E(X+b)=E(X)+b.

Leff Lin, MD. PhD.
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Rules of Variance
V(aX +b)= 0'3)”,) —a*-o%
and oy, =|a|'UX

This leads to the following:

1. 0'3)( = a? -0')2(, O.x =|a|-O'X

2 2
2. Oy =0y

2005/10/19 Leff Lin, MD. PhD.

The Expected Value of a Function

If the rv X has the set of possible
values D and pmf p(x), then the
expected value of any function A(x),
denoted E[h(X)] or p,(xy, is

E[h(X)]= D h(x)- p(x)
D

| 2005/10/19 Jeff Lin MD. PhD.

S0

Expected Value of #(X)

If X is a continuous rv with pdf f(x) and
h(x) is any function of X, then

0

E[h(0)]= i) = [ W) f ()

—00

2005/10/19 Leff Lin, MD. PhD.

Thanks !

| 2005/10/19 Jeff Lin MD. PhD.

S8

2005/10/19

10




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


