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Introduction
• If X and Y are two random variables, the probability 

distribution that defines their simultaneous behavior is a 
Joint Probability Distribution.

Examples:
– Signal transmission: X is high quality signals and Y low 

quality signals.
– Molding: X is the length of one dimension of molded part, Y 

is the length of another dimension.
• Thus, we may be interested in expressing probabilities 

expressed in terms of X and Y, e.g., 
P(2.95 < X < 3.05 and 7.60 < Y < 7.8)
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Introduction to Multiple RVs
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Two Discrete Random Variables
• Range of random variables (X,Y) is the set of points 

(x,y) in 2D space for which the probability that X = x 
and Y = y is positive.

• If X and Y are discrete random variables, the joint 
probability distribution of X and Y is a description of 
the set of points (x,y) in the range of (X,Y) along with 
the probability of each point.

• Sometimes referred to as Bivariate probability 
distribution, or Bivariate distribution.
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Joint Probability Mass Function
Let X and Y be two discrete rv’s defined on the 
sample space of an experiment.  The joint 
probability mass function p(x, y) is defined for 
each pair of numbers (x, y) by

( , ) (  and )p x y P X x Y y= = =

Let A be the set consisting of pairs of (x, y) 
values, then

( )
( ),

, ( , )
x y A

P X Y A p x y
∈

⎡ ⎤∈ =⎣ ⎦ ∑ ∑
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Joint Probability Mass Function

• The joint probability mass function of the 
discrete random variables X and Y, denoted as 
fXY(x,y) satisfies:
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Marginal Probability Distributions

• Individual probability distribution of a random variable 
is referred to as its Marginal Probability Distribution.

• Marginal probability distribution of X can be 
determined from the joint probability distribution of X 
and other random variables.

• Marginal probability distribution of X is found by 
summing the probabilities in each column, for Y, 
summation is done in each row.
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Marginal Probability Mass Functions

The marginal probability mass 
functions of X and Y, denoted pX(x) and 
pY(y) are given by

( ) ( , ) ( ) ( , )X Y
y x

p x p x y p y p x y= =∑ ∑
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Marginal Probability Distributions

• If X and Y are discrete random variables with joint 
probability mass function fXY(x,y), then the marginal 
probability mass function of X and Y are

where Rx denotes the set of all points in the range of (X, 
Y) for which X = x and Ry denotes the set of all points 
in the range of (X, Y) for which Y = y

∑===
xR

XYX YXfxXPxf ),()()(

∑===
Ry

XYY YXfyYPyf ),()()(
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Multiple Discrete RVs

• Example:  Consider 3 coin flips

• Rvs X and Y are defined on the same underlying experiment !!
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Multiple Discrete RVs

•

• Joint PMF of X and Y
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X 與 Y 的
聯合機率分配與邊際機率分配表

YX \ y1 2y ⋯ jy ⋯ my )( ix xf

1x f x y( , )1 1 f x y( , )1 2 ⋯ f x yj( , )1 ⋯ f x ym( , )1 )( 1xfx

x2 f x y( , )2 1 f x y( , )2 2 ⋯ ),( 2 jyxf ⋯ ),( 2 myxf f xx( )2

# # # ⋯ # ⋯ # #
xi f x yi( , )1 f x yi( , )2 ⋯ f x yi j( , ) ⋯ f x yi m( , ) f xx i( )
# # # ⋯ # ⋯ # #
xn f x yn( , )1 f x yn( , )2 ⋯ f x yn j( , ) ⋯ f x yn m( , ) f xx n( )

f yy j( ) f yy( )1 f yy( )2 ⋯ f yy j( ) ⋯ f yy m( ) 1
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Multiple Discrete RVs 
Representation of Joint PMF

• Example: Joe gets pulled over by a cop and is administered two 
tests. Suppose that Joe has to pay $200 for each test he fails. Let 
X be the amount he has to pay for the 1st test and Y the amount 
he pays for the 2nd test.

Pass
Pass

Pass
Fail

Fail

Fail

1st test 2nd test

0.7

0.3

0.9

0.1
0.2

0.8
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Multiple Discrete RVs 
Representation of Joint PMF

1. List

2. Matrix

0.63

0.06 0.24

0.07
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Multiple Discrete RVs
Ex

A fair coin is thrown two times and a fair 
die is thrown one time simultaneously. 
Find the probability of getting not more 
than one head on the coin and two spots 
shown on the die by letting two-
demensional random variables.
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Ans:
Let outcomes be e, and the random variables be (X, Y),
where X be the numbers of heads showing on the coin, 
and Y be the numbers of spots showing on the die, 

For example:

The cumulative distribution function:

4/1
24/6

})2) ,( ),2 ,( ,2) ,( ),1 ,( ,1) ,( ),1 ,({(
)2)( ,1)(()2 ,1(

=
=
=

≤≤=
HTTHTTHTTHTTP

eYeXPFXY

3)(,2)()3,( ==⇒= eYeXHHe

}2,1,0{∈X }6 , 2,,1{ "∈Y

1/241/241/241/241/241/24X=2

1/121/121/121/121/121/12X=1

1/241/241/241/241/241/24X=0

Y=6Y=5Y=4Y=3Y=2Y=1P(X, Y)
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Multiple Discrete RVs
Three balls are drawn from a box containing 4 

red balls, 3 yellow balls, 5 blue balls. If we 
let X, Y denote the numbers of red and 
yellow balls chosen respectively, find the 
joint probability mass function of X and Y.
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Ans:

Let joint probability mass function be .
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A supermarket has two express lines. Let 
X and Y denote the numbers of customers 
in the first and in the second respectively 
at any given time. Find              
by using the joint probability mass function 
below.

0.050.02500i=3
0.0250.050.050i=2

00.050.250.2i=1
000.20.1i=0

i= 3i= 2i= 1i=0pXY(i, j)

)1( =−yxP
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Multiple Discrete RVs
• A supermarket has two express lines. Let X and 

Y denote the numbers of customers in the first 
and in the second respectively at any given time. 
Find              by using the joint probability 
mass function below.

)1( =− yxP

0.050.02500i=3
0.0250.050.050i=2

00.050.250.2i=1
000.20.1i=0

i= 3i= 2i= 1i=0pXY(i, j)
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A supermarket has two express lines. Let X and Y denote the numbers of 
customers in the first and in the second respectively at any given time. Find           

by using the joint probability mass function below.

Ans:

.

Therefore, the probability is 0.55

0.050.02500i=3
0.0250.050.050i=2

00.050.250.2i=1
000.20.1i=0

i= 3i= 2i= 1i=0pXY(i, j)

)1( =− yxP

0.55                     
025.0025.005.005.02.02.0                     

)3 ,2()2 ,3()1 ,2()2 ,1()0 ,1()1 ,0(                     

) ,()1(
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Ans:

Therefore, the probability is 0.55

1

    ( 1)

( , )

(0, 1) (1, 0) (1, 2) (2, 1) (3, 2) (2, 3)
0.2 0.2 0.05 0.05 0.025 0.025
0.55

XY
i j
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P x y
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Continuous Jointly Distributed  

Random Variables
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Two Continuous Random Variables

• Analogous to the probability density function of 
a single continuous random variable, a Joint 
probability density function can be defined over 
two-dimensional space.
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Joint Probability Density Function
Let X and Y be continuous rv’s.  Then f (x, y) 
is a joint probability density function for X
and Y if for any two-dimensional set A

( ), ( , )
A

P X Y A f x y dxdy⎡ ⎤∈ =⎣ ⎦ ∫∫
If A is the two-dimensional rectangle

( ), ( , )
b d

a c

P X Y A f x y dydx⎡ ⎤∈ =⎣ ⎦ ∫ ∫

{ }( , ) : , ,x y a x b c y d≤ ≤ ≤ ≤
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Marginal Probability Density Functions

The marginal probability density functions of 
X and Y, denoted fX(x) and fY(y), are given by 

( ) ( , ) for 

( ) ( , ) for 

X

Y

f x f x y dy x

f y f x y dx y

∞

−∞
∞

−∞

= −∞ < < ∞

= −∞ < < ∞

∫

∫
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Marginal Probability Distribution

• If the joint probability density function of 
continuous random variables X and Y is fXY(x,y), 
the marginal probability density function of X 
and Y are

and

where Rx denotes the set of all points in the range 
of (X,Y) for which X = x and Ry denotes the set 
of all points in the range of (X,Y) for which Y = 
y.

∫=
xR

XYX dyyxfxf ),()( ∫=
xyR

XYY dxyxfyf ),()(
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Marginal Probability Distribution

• A probability involving only one random 
variable, e.g., P(a < X < b), can be found from 
the marginal probability of X or from the joint 
probability distribution of X and Y.

• For example:
P(a <  x < b) = P(a < x < b, - ∞ < Y < ∞)=

∫∫ ∫∫ ∫ =⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

b

a
XY

b

a
XY

R

b

a
XY

R

dxxfdxdyyxfdxdyyxf
xx

)(),(),(
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( ),P X Y A⎡ ⎤∈⎣ ⎦

= Volume under density surface above A

( , )f x y

A = shaded 
rectangle
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Joint Probability Distribution
• The probability that (X,Y) assumes a value in the region 

R equals the volume of the shaded region.
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Joint probability density function for the lengths of different 
dimensions of an injection-molded part; 

P(2.95  < X < 3.05,7.60 < Y < 7.80)
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Two Continuous Random Variables
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Consider an electronic system containing two components, one for backup. 
Suppose the two components have identical performance characteristics. 
Let X and Y be random variables denoting their life spans, with :

Later, the system itself is modified so that one component is kept on 
reserve and activated only when the other needs replacing. Find the 
probability that the system fails to last far more than 1000 hours before 
and after modification. And determine is the system become more reliable 
after modification.

Before modification:

After modification:

⎩
⎨
⎧ >≥≥

=
+−

otherwise0
0 ,0 0, if

) ,(
)(2 λλ λ yxe

yxf
yx

XY

1Component 
2Component 

1Component 
2Component 
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Ans: 
Step 1 —To represent the failure event in term of X and Y
Step 2 —To find R in the two-dimensional range space RXY
Step 3 —To calculate the probability by 

The system fails only if both component fail.
Before modification:

Let E be the event that the system fails before modification.

∫∫=
R

XY dydxyxfP   ) ,()failure(

}"1000""1000{" ≤≤= YXE ∩

21000
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e
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x

y

1000

1000
R
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Ans: 
After modification:
Let F be the event that the system fails after modification.

Therefore, the system is more reliable after modification.

}"1000{" ≤+= YXF

[ ]

[ ]
λλ

λλ

λλ

λλ

λ

λ

λ

λ

λλ

λ

10001000

1000

0

)1000(

1000

0

1000

0

1000

0

1000

0

1000

0

1000

0

)(2

10001

 e1 

 e 

    

    

  ) ,(

)1000()(

−−

−−−

−−−

−
−−

−
+−

−−=

−=

−=

⎥
⎦

⎤
⎢
⎣

⎡
=

⎥
⎦

⎤
⎢
⎣

⎡
=

=

≤+=

∫

∫

∫ ∫

∫ ∫

∫∫

ee

dye

dye

dydxee

dydxe

dydxyxf

YXPFP

yy

yxy

y
xy

y
yx

R

x

y

1000

1000

R
1000=+ yx

2005/10/23 Jeff Lin, MD. PhD. 38

Jointly Distributed

More Than Two Random Variables
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More Than Two Random Variables

If  X1, X2,…,Xn are all discrete random variables, 
the joint pmf of the variables is the function

1 1 1( , ..., ) ( , ..., )n n np x x P X x X x= = =
If the variables are continuous, the joint pdf is the 
function f such that for any n intervals 
[a1,b1], …,[an,bn], 1 1 1( ,..., )n n nP a X b a X b≤ ≤ ≤ ≤

1

1

1 1... ( ,..., ) ...
n

n

bb

n n
a a

f x x dx dx= ∫ ∫
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Multiple Discrete Random Variables
Multinomial Probability Distribution
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Multiple Discrete Random Variables
Multinomial Probability Distribution
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Multiple Continuous Random Variables
Definition
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Independent Random Variables
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Independent Random Variables
Two random variables X and Y are said to be 
independent if for every pair of x and y
values

( , ) ( ) ( )X Yp x y p x p y= ⋅

when X and Y are discrete or
( , ) ( ) ( )X Yf x y f x f y= ⋅

when X and Y are continuous.   If the 
conditions are not satisfied for all (x, y) then 
X and Y are dependent.
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Independence –
More Than Two Random Variables

The random variables X1, X2,…,Xn are 
independent if for every subset
of the variables, the joint pmf or pdf of the 
subset is equal to the product of the marginal 
pmf’s or pdf’s.

1 2
, ,...,

ni i iX X X
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In the case that x1, x2, x3, … xn is a independent 
sample from f(x) then the joint density of x1, x2, x3, …
xn is: 

f(x1, x2, x3, … xn ) = ( )
1

n

i
i

f x
=
∏

Independence –
More Than Two Random Variables
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Suppose that x1, x2, x3, … xn is a sample 
from the Normal distribution with mean µ
and standard deviation σ.

Example:

( )
( )2

2
1
21

2

ix

if x e
µ

σ

πσ

−
−

=
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The joint density of x1, x2, x3, … xn is:

( ) ( )1 2
1

, , ,
n

n i
i

f x x x f x
=

=∏"

( )2
2

1
2

1

1
2

ixn

i

e
µ

σ

πσ

−
−

=

=∏

( )

( )2
2

1

1
2

/ 2
1

2

n
i

i

x

n n
e

µ
σ

π σ
=

−
− ∑

=
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Suppose that x1, x2, x3, … xn is a sample 
from the Exponential distribution with 
parameter λ.

Example:

( ) 0
0 0

ix
i

i
i

e x
f x

x

λλ −⎧ ≥⎪= ⎨
<⎪⎩
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The joint density of x1, x2, x3, … xn is:

( ) ( )1 2
1

, , ,
n

n i
i

f x x x f x
=

=∏"

1 2
1

, ,..., 0

0 otherwise

i

n
x

n
i

e x x xλλ −

=

⎧
≥⎪= ⎨

⎪⎩

∏

1
1 2, ,..., 0

0 otherwise

n

i
i

x
n

ne x x x
λ

λ =

−⎧ ∑⎪ ≥= ⎨
⎪⎩
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Conditional Probability Function
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Conditional Probability Function

Let X and Y be two continuous rv’s with joint pdf
f (x, y) and marginal X pdf fX(x).  Then for any X
value x for which fX(x) > 0, the conditional 
probability density function of Y given that X = x
is

|
( , )( | )

( )Y X
X

f x yf y x y
f x

= −∞ < < ∞

If X and Y are discrete, replacing pdf’s by pmf’s
gives the conditional probability mass function 
of Y when X = x.
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Conditional Distribution

Definition: 
Let (X, Y) be a discrete r.v. with jpmf, 
p(xi, yj ).The conditional pmf’s are defined by 

P(X = xiY=yj)= PX|Y( xi⏐yj )= p(xi,yj) / pY(yj)

∋ pY(yj) (≠0) 
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Conditional Probability
• Because a conditional probability mass function 

fY|x(y) is a probability mass function for all y in 
Rx, the following properties are satisfied:

(1) fY|x(y) ≥ 0

(2)      fY|x(y) = 1

(3) P(Y=y|X=x) = fY|x(y)

∑
xR
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Conditional Probability & Independence

• For discrete random variables X and Y, if any one of the 
following properties is true, the others are also true, and 
X and Y are independent.
(1) fXY(x,y) = fX(x) fY(y) for all x and y
(2) fY|x(y) = fY(y) for all x and y with fX(x) > 0
(3) fX|y(x) = fX(x) for all x and y with fY(y) > 0
(4) P(X ∈ A, Y ∈ B) = P(X ∈ A)P(Y ∈ B) for any sets 
A and B in the range of X and Y respectively.

• If we find one pair of x and y in which the 
equality fails, X and Y are not independent.
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大慶通訊最新型手機的銷售資料

X（有否購買大 Y （是否看過型錄） 合計

哥大手機） 0（未看過） 1（看過）
0（不買） 1,200 480 1,680
1（購買） 240 480 720
合     計 1,440 960 2,400
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X 與 Y 的聯合機率分配表

X（是否購買大 Y （是否看過型錄） 合計

 哥大手機） 0（未看過） 1（看過） )(xfx

0（不買） 0.50 0.20 0.7
1（購買） 0.10 0.20 0.3
合計 f yy( ) 0.60 0.40 1.0

2005/10/23 Jeff Lin, MD. PhD. 58

Y
X

0=Y
（未看過）

1=Y
（看過）

0=X （不買） 0.83 0.5
1=X （購買） 0.17 0.5

F( x | y ) 的條件機率

2005/10/23 Jeff Lin, MD. PhD. 59

X
Y

0=X
（不買）

1=X
（購買）

0=Y （未看過） 0.71 0.33
1=Y （看過） 0.29 0.67

F( y | x ) 的條件機率

2005/10/23 Jeff Lin, MD. PhD. 60

Expected Values, 

Covariance, and Correlation
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Let X and Y be jointly distributed rv’s with pmf 
p(x, y) or pdf f (x, y) according to whether the 
variables are discrete or continuous.  Then the 
expected value of a function h(X, Y), denoted 
E[h(X, Y)] or

is ( , ) ( , )

( , ) ( , )

x y
h x y p x y

h x y f x y dxdy
∞ ∞

−∞ −∞

⎧ ⋅
⎪
⎪= ⎨
⎪ ⋅
⎪⎩

∑∑

∫ ∫

discrete

continuous

( , )h X Yµ

Expected Values
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Covariance and Correlation

• When two or more random variables are defined 
on a probability space, it is useful to describe 
how they vary together, i.e., measure the 
relationship between the variables.

• A common measure of the relationship between 
two random variables is the covariance.

2005/10/23 Jeff Lin, MD. PhD. 63

Covariance
The covariance between two rv’s X and Y is

( )( ) ( , )

( )( ) ( , )

X Y
x y

X Y

x y p x y

x y f x y dxdy

µ µ

µ µ
∞ ∞

−∞ −∞

⎧ − −
⎪
⎪= ⎨
⎪ − −
⎪⎩

∑∑

∫ ∫

discrete

continuous

( ) ( )( )Cov , X YX Y E X Yµ µ⎡ ⎤= − −⎣ ⎦
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Covariance

• The covariance between the random variables X 
and Y, denoted as cov(X,Y) or σXY, is 

σXY = E[(X - µX)(Y - µY)] = E(XY) - µX µY

• Covariance is a measure of the linear 
relationship between random variables.
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Short-cut Formula for Covariance

( ) ( )Cov , X YX Y E XY µ µ= − ⋅
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Covariance

• If the points in the joint probability distribution 
of X and Y that receive positive probability tend 
to fall along a line of positive (or negative) slope, 
σXY is positive (or negative).

• If the relationship between the random variables 
is  nonlinear, the covariance might not be 
sensitive to the relationship.
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Correlation
• The correlation between random variables X and Y, 

denoted as ρXY, is

• The correlation scales the covariance by the standard 
deviation of each variable.

• It is dimensionless quantity that can be sued to 
compare the linear relationship between pairs of 
variables in different units.

YX

XY
XY YVXV

YX
σσ

σ
ρ ==

)()(
),cov(
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Correlation

• Because σX > 0 and σY > 0, if the covariance 
between X and Y is positive, negative, or zero, 
the correlation between X and Y is positive, 
negative, or zero respectively.

• If the points in the joint probability distribution 
of X and Y that receive positive probability tend 
to fall along a line of positive (or negative) slope, 
ρXY is near +1 (or -1).  
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Correlation

• For any two random variables X and Y
-1 ≤ ρXY ≤ +1

• If ρXY equals +1 or -1, the points in the joint 
probability distribution that receive positive 
probability fall exactly along a straight line.

• Two random variables with nonzero 
correlation are said to be correlated.
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Correlation Proposition

1. If X and Y are independent, then                 
but           does not imply independence.

2.

for some numbers a and b with  

3. If a and c are either both positive or both          
negative, Corr(aX + b, cY + d) = Corr(X, Y)

0,ρ =
0ρ =

1 or 1 iff  Y aX bρ = − = +
0.a ≠

2005/10/23 Jeff Lin, MD. PhD. 71

Y

X

ⅠⅡ

Ⅲ Ⅳ

( )x X− <µ 0

( )x X− >µ 0

( )y Y− >µ 0

( )y Y− <µ 0( )y Y− <µ 0
( )x X− <µ 0

( )x X− >µ 0
( )y Y− >µ 0

µ Y

µ X

COV(X,Y)的符號
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正向共變

Y

X

*

*
*

*

*

*

*

*

*

*

*

*

*

*
*

*
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反向共變

Y

X

*

*
*

*

*

*
*

*
*

*

*
* *

*

**
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An example for a correlation 
that is close to unity
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An example of unity correlation
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X

Y

相關係數ρ = +1
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X

Y

相關係數ρ = -1
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◆

◆

◆
◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

Y

X

X, Y 無相關ρ = 0
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◆◆

◆◆◆

◆ ◆

◆

◆

◆

◆

◆

◆ ◆

◆

◆

X

Y

X, Y 為拋物線關係
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◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

X

Y

X, Y 為圓形關係, ρ = 0
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◆

◆

◆◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

X

Y

◆

◆
◆

◆

◆

◆

◆

◆

X, Y為非線性關係
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Correlation and Independence

• If X and Y are independent random variables,
σXY = ρXY = 0

2005/10/23 Jeff Lin, MD. PhD. 83 2005/10/23 Jeff Lin, MD. PhD. 84
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Conditional Expected Values, 

Covariance, and Correlation
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Conditional Probability

• Let Rx denote the set of all points in the range of 
(X,Y) for which X=x.  The conditional mean of 
Y given X = x, denoted as E(Y|x) or µY|x, is

• And the conditional variance of Y given X = x, 
denoted as V(Y|x) or σ2

Y|x is

∑=
xR

yyfE )()x|Y( x|Y

∑∑ −=−=
xx RR

yfyyfyV 2
x|Yx|Y

2
x|Y

2
x|Y )()()()x|Y( µµ
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Conditional Expectation and Variance

• The conditional expectation of a r.v. X given 
that Y=y is defined in the discrete case by

• and in the continuous case by

∑
∀

==
ix

kY|Xik )y|x(p x)yY|X(E

∫
∞

∞

==
-

Y|X dx )y|x(f x)yY|X(E
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Introduction to Multiple RVs

• Example:  Consider 3 coin flips

• Rvs X and Y are defined on the same underlying experiment !!
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Conditional Expected Value

• Example: Toss a coin 3 times
X = number of heads in 3 independent tosses
Y = maximum number of consecutive heads

Compute 

3

1

2

3

3/8

1/8

1/8

1/8

1/4
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Conditional Expected Value

•

0.01 0 0
0.09 0.09 0
0 0 0.81

0.10 0.09 0.81

0.01
0.18
0.81
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Bivariate Normal Random Variable

And Bivariate Normal Distribution

2005/10/23 Jeff Lin, MD. PhD. 93

Bivariate Normal Distribution
Definition

2005/10/23 Jeff Lin, MD. PhD. 94

5-6 Bivariate Normal Distribution
Examples of bivariate normal distributions.

2005/10/23 Jeff Lin, MD. PhD. 95

Ex : 
A bivariate normal random variable (X, Y) has the joint probability density function:

(1) Find fX(x) and fY(y)

(2) Show that ρXY is the correlation coefficient of (X, Y)

(3) Determine E(Y | x)

Ans:

(1) The probability density function of X is

The probability density function of Y is

dyyxfxfX  ) ,()( ∫
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Ans:
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Ans:

Similarly,

Therefore, 

(2) The correlation coefficient is:
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Ans:

Therefore, ρXY is the correlation coefficient of (X, Y)
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Ans:
The conditional probability density function is:

This is the probability density function of 

Therefore, 
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Distribution of Functions of 
Random Variables

2005/10/23 Jeff Lin, MD. PhD. 101

Distribution of Functions of 
Random Variables

• Let X is a random variable, then we can 
transform X into another form, such as  

• Y=log (X), or Y=1/X, or Y=-X, or Y=X2, ... etc
• Y is still a random variable
• Distribution of Y, (a function of X),  is called the 

distribution of function of random variable, X.
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Methods for Determining the Distribution 
of Functions of Random Variables

1. Distribution function method
2. Moment generating function method
3. Transformation method
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Transformations 
Theorem

Let  x1, x2,…, xn denote random variables 
with joint probability density function

f(x1, x2,…, xn ) 

Let u1 = h1(x1, x2,…, xn).
u2 = h2(x1, x2,…, xn).

un = hn(x1, x2,…, xn).

define an invertible transformation from the x’s to the u’s
2005/10/23 Jeff Lin, MD. PhD. 104

Then the  joint probability density function of 
u1, u2,…, un is given by:

( ) ( ) ( )
( )

1
1 1

1

, ,
, , , ,

, ,
n

n n
n

d x x
g u u f x x

d u u
=

"
" "
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( )1, , nf x x J= "
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( )
( )

1

1

, ,
, ,

n

n

d x x
J

d u u
=

"
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Jacobian of the transformation

1 1

1

1

det
n

n n

n

dx dx
du du

dx dx
du du

⎡ ⎤
⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
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# #
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The Distribution of a Function of a 
Random Variable

• Here, the probability density function of a random variable X is known. 
How do we determine the probability density function of some functions, 
say g(X) of it.

Method 1: Express the event that in terms of X being in 
some set.

Method 2: If g(X) is a strictly monotone(either increasing or 
decreasing)  and differentiable function of X , use the 
below formula to find the probability density function of 
random variable Y defined by Y = g(X).

 
 allfor  )( if   0

 somefor  )g( if)()]([
)(

11

⎪
⎩

⎪
⎨

⎧

≠

=
=

−−

xxgy

xxyyg
dy
dygf

yf X
Y

yXg ≤)(

)( ),(:Note 1 ygxxgy −==
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Distribution of Functions of 
Random Variables

• Ex:
• X ~ N(μ,σ2), then 
• Z = (X-μ)/σ ~  N(0,1) (Standard Normal)
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Distribution of Functions of 
Random Variables

Let X have a normal distribution with mean 0, and 
variance 1. (standard normal distribution)

Let W = X2.

Find the distribution of W.

( )
2

21
2

x

f x e
π

−
=

2005/10/23 Jeff Lin, MD. PhD. 108

Thus if X has a standard Normal distribution then 
W = X2

has density

( )
1
2 21    if 0.

2

w

g w w e w
π

− −
= ≥

This distribution is the Gamma distribution with α = ½
and λ = ½. (Known as chi-squared distribution.)

This distribution is also the χ2 distribution with ν = 1
degree of freedom. 
(Chi-squared distribution with 1 degree of freedoom)
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The Joint Probability Distribution of a 
Function of Random Variables

• Here, the joint probability density function of two jointly continuous 
random variable X1, X2 are known. How do we determine the joint 
probability density function of the random variables Y1 and Y2
which are the functions of X1and  X2 . 

It should be assumed that the functions and satisfy the 
following conditions:

1. and  are two one-to-one-functions.
So there exist unique h1 and h2 such that:

) ,(and) ,(where 21222111 XXgYXXgY ==

) ,( ), ,( 21222111 yyhxyyhx ==

1g 2g

1g 2g

2005/10/23 Jeff Lin, MD. PhD. 110

The Joint Probability Distribution of a 
Function of Random Variables

2. and have continuous partial derivatives at all points (x1, x2).
Hence:

• Under the previous two conditions, the joint probability density 
function of the random variables Y1 and Y2 is given by:

1

212121 ) ,() ,() ,(
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−= xxJxxfyyf XXYY
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Ex : 
X and Y is jointly continuous random variable with the joint probability 
density function fXY. Find the joint probability density function of A and B
by given that X and Y are independent and uniformly distributed in the 
interval (0, 1), also:

Ans:

YXBYXA −=+= ,
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The Joint Probability Distribution of a 
Function of Random Variables

Suppose that X and Y are independent random 
variables each having an exponential distribution 
with parameter λ (mean 1/λ)

Let W = X + Y.
Find the distribution of W.

( )1  for  0xf x e xλλ −= ≥

( )2   for  0yf y e yλλ −= ≥

( ) ( ) ( )1 2,f x y f x f y=
( )2   for  0,  0x ye x yλλ − += ≥ ≥
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First step
Find the distribution function of W = X + Y

G(w) = P[W ≤ w] = P[ X + Y ≤ w]
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[ ] ( ) ( )1 2
0 0
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= − −⎢ ⎥⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠⎣ ⎦

1 w we weλ λλ− −⎡ ⎤= − −⎣ ⎦
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Second step
Find the density function of W

g(w) = G'(w).

1 w wd e we
dw

λ λλ− −⎡ ⎤= − −⎣ ⎦

w
w wdw dee e w

dw dw

λ
λ λλ λ

−
− −⎡ ⎤⎛ ⎞

= − +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

2w w we e weλ λ λλ λ λ− − −⎡ ⎤= − +⎣ ⎦

2     for  0wwe wλλ −= ≥
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Hence if X and Y are independent random variables 
each having an exponential distribution with parameter 
λ then W has density

( ) 2     for  0wg w we wλλ −= ≥

This distribution can be recognized  to be the Gamma 
distribution with parameters α = 2 and
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Example: Student’s t Distribution

Let Z and U be two independent random 
variables with:

1. Z having a Standard Normal distribution 
and
2. U having a χ2 distribution with ν degrees 

of freedom

Find the distribution of Zt
U
ν

=
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The density of Z is:

( )
2

21
2

z

f z e
π

−
=

The density of U is:

( )

2

1
2 2

1
2

2

u

h u u e

ν

ν

ν
− −

⎛ ⎞
⎜ ⎟
⎝ ⎠=
⎛ ⎞Γ⎜ ⎟
⎝ ⎠
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Therefore the joint density of Z and U is:

The distribution function of T is:

( ) [ ] Z tG t P T t P t P Z U
U ν
ν

⎡ ⎤
⎡ ⎤⎢ ⎥= ≤ = ≤ = ≤⎢ ⎥⎢ ⎥ ⎣ ⎦⎢ ⎥⎣ ⎦

( ) ( ) ( )
2

2

1
2 2

1
2,

2
2

z u

f z u f z h u u e

ν

ν

νπ

+
− −

⎛ ⎞
⎜ ⎟
⎝ ⎠= =

⎛ ⎞Γ⎜ ⎟
⎝ ⎠

2005/10/23 Jeff Lin, MD. PhD. 122

Therefore:

( ) [ ] tG t P T t P Z U
ν

⎡ ⎤
= ≤ = ≤ =⎢ ⎥

⎣ ⎦

2

2

1
2 2

0

1
2

2
2

t U
z u

u e dzdu

ν

νν

νπ

∞ +
− −

−∞

⎛ ⎞
⎜ ⎟
⎝ ⎠=

⎛ ⎞Γ⎜ ⎟
⎝ ⎠

∫ ∫
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and

12 12
2 2

1 12
2 2( ) 1

2
2

tg t

ν
ν

νν

ν νπ ν

+
+

−
+⎛ ⎞ ⎛ ⎞Γ⎜ ⎟ ⎜ ⎟ ⎛ ⎞⎝ ⎠ ⎝ ⎠= +⎜ ⎟⎛ ⎞ ⎝ ⎠Γ⎜ ⎟

⎝ ⎠
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or

1 1
2 22 2

1
2( ) 1 1

2

t tg t K

ν νν

ν ν νπν

+ +
− −

+⎛ ⎞Γ⎜ ⎟ ⎛ ⎞ ⎛ ⎞⎝ ⎠= + = +⎜ ⎟ ⎜ ⎟⎛ ⎞ ⎝ ⎠ ⎝ ⎠Γ⎜ ⎟
⎝ ⎠

1
2

2

K

ν

νπν

+⎛ ⎞Γ⎜ ⎟
⎝ ⎠=

⎛ ⎞Γ⎜ ⎟
⎝ ⎠

where
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Student’s t Distribution

1
2 2

( ) 1tg t K

ν

ν

+
−

⎛ ⎞
= +⎜ ⎟

⎝ ⎠

1
2

2

K

ν

νπν

+⎛ ⎞Γ⎜ ⎟
⎝ ⎠=

⎛ ⎞Γ⎜ ⎟
⎝ ⎠

where
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Student – W.W. Gosset

Worked for a distillery

Not allowed to publish

Published under the 
pseudonym “Student
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t  distribution

standard normal distribution
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Distribution of the Max and Min 
Statistics

Let x1, x2, … , xn denote a sample of size n from 
the density f(x).

Let M = max(xi) then determine the distribution 
of M.

Repeat this computation for m = min(xi)
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The Probability Integral Transformation

This transformation allows one to convert 
observations that come from a uniform distribution 
from 0 to 1 to observations that come from an 
arbitrary distribution.
Let U denote an observation having a uniform 
distribution from 0 to 1.

1 0 1
( )

elsewhere
u

g u
≤ ≤⎧

= ⎨0⎩
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Find the distribution of X.

1( )X F U−=Let

Let f(x) denote an arbitrary density function and 
F(x) its corresponding cumulative distribution 
function.

( ) [ ] 1( )G x P X x P F U x−⎡ ⎤= ≤ = ≤⎣ ⎦

( )P U F x⎡ ⎤= ≤⎣ ⎦

( )F x=
Hence.

( ) ( ) ( ) ( )g x G x F x f x′ ′= = =
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has density f(x).

1( )X F U−=

Thus if U has a uniform distribution from 0 to 1. 
Then

U

1( )X F U−=
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The Distribution of 

a Linear Combination
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Joint Distributions

• Sums and differences
– The expectation of sums is the sum of expectations

( ) ( ) ( )

( ) ( ) ( )YcEXbEacYbXaE

YEXEYXE

++=++

+=+
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Joint Distributions

• Sums and differences
– The variance of a sum is the sum of variances, plus 

twice the covariance

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )YXbcCovYVcXVbcYbXaV

YXCovYVXVYXV

,2

,2

22 ++=++

++=+
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Joint Distributions

• Sums and differences
– If two variables are uncorrelated (covariance is 0), 

the variance of a sum is the sum of variances

( ) ( ) ( )

( ) ( ) ( )YVcXVbcYbXaV

YVXVYXV

22 +=++

+=+

2005/10/23 Jeff Lin, MD. PhD. 136

Difference Between 
Two Random Variables

( ) ( ) ( )1 2 1 2E X X E X E X− = −

and, if X1 and X2 are independent,

( ) ( ) ( )1 2 1 2V X X V X V X− = +
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Joint Distributions

• Sums and differences
– The variance of a sum is the sum of 

variances plus twice the sum of 
every possible covariance:

( ) ( ) ( ) ( )
( ) ( ) ( )ZYcdCovZXbdCovYXbcCov

ZVdYVcXVbdZcYbXaV
,2,2,2

222

+++
++=+++
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Joint Distributions

• Sums and differences
– The covariance of a sum with a third variable is the 

sum of covariances:

( ) ( ) ( )

( ) ( ) ( )ZYcCovZXbCovZcYbXaCov

ZYCovZXCovZYXCov

,,,

,,,

+=++

+=+
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Sums of Random Variables 
and Long-Term Average

Let                       be a sequence of random variables, and let      be their 
sum:

nXXX ,...,, 21 nS

nn XXXS +++= ...21 (5.1)

In this section, we find the mean and variance of       , as well as the pdf of 
in the important special case where the          are independent random 
variables. 

nS
sX j '

nS

Mean and variance of Sums of Random variables
In Section 4.7, it was shown that regardless of statistical dependence, the
expected value of a sum of n random variables is equal to the sum of the 
expected values:

][...][]...[ 121 nn XEXEXXXE ++=+++ (5.2)

SUMS OF RANDOM VAREABLES
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Linear Combination

Given a collection of n random variables 
X1,…, Xn and n numerical constants a1,…,an, 
the rv

is called a linear combination of the Xi’s.

1 1
1

...
n

n n i i
i

Y a X a X a X
=

= + + =∑
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Expected Value of a Linear Combination

Let X1,…, Xn have mean values                              
and variances of                        respectively

1 2, ,..., nµ µ µ
2 2 2
1 2, ,..., ,nσ σ σ

Whether or not the Xi’s are independent,

( ) ( ) ( )1 1 1 1... ...n n n nE a X a X a E X a E X+ + = + +

1 1 ... n na aµ µ= + +
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Variance of a Linear Combination

( ) ( ) ( )2 2
1 1 1 1... ...n n n nV a X a X a V X a V X+ + = + +

If X1,…, Xn are independent,

2 2 2 2
1 1 ... n na aσ σ= + +

and

1 1

2 2 2 2
... 1 1 ...

n na X a X n na aσ σ σ+ + = + +
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Variance of a Linear Combination

( ) ( )1 1
1 1

... Cov ,
n n

n n i j i j
i j

V a X a X a a X X
= =

+ + =∑∑

For any X1,…, Xn,
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Covariance of Random Variables
• Relation between variance and covariance:

If Xi and Xj are independent, then :

∑∑∑

∑∑∑

∑∑

∑∑∑

<=

≠=

= =

===

+=

+=

=

=

ji
ji

n

i
i

ji
ji

n

i
i

n

i

n

j
ji

n

j
j

n

i
i

n

i
i

XXX

XXX

XX

XXX

) ,( Cov2)(Var 

) ,( Cov)(Var 

) ,( Cov

) ,( Cov)(Var 

1

1

1 1

111

∑∑
==

=
n

i
i

n

i
i XX

11
)(Var )(Var 
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Covariance of Random Variables
• Properties of covariance:
1.

2.

3.

4.

) ,( Cov) ,( Cov XYYX =

) ,( Cov ) ,(Cov YXaYaX =

∑∑∑∑
= ===

=⎟
⎠
⎞

⎜
⎝
⎛ n

i

m

j
ji

m

j
j

n

i
i YXXX

1 111

) ,( Cov , Cov

)(Var ) ,( Cov XXX =
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Difference Between 
Normal Random Variables

If X1, X2,…Xn are independent, normally 
distributed rv’s, then any linear combination 
of the Xi’s also has a normal distribution.  The 
difference X1 – X2 between two independent, 
normally distributed variables is itself 
normally distributed.
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Mean and Variance of an Average

• If        = (X1 + X2 + … + Xp) / p with E(Xi) = µ
for i= 1, 2, …, p

=  µ
• If X1, X2, .., Xp are also independent with V(Xi) 

= σ2 for i= 1, 2, …, p,
= σ2 / p

)(XE

)(XV

X
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Some Important Results
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Multiple Discrete Random Variables
Multinomial Probability Distribution

2005/10/23 Jeff Lin, MD. PhD. 150

Multiple Discrete Random Variables
Multinomial Probability Distribution
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Some Important Results
• X ~ N(μ,σ2), then 

Z = (X-μ)/σ ~  N(0,1) (Standard Normal)
• X ~ N(μ,σ2), then

W = Z2 is χ2 ν =1 (chi-squared dist. With 1.d.f.)
• Z ~  N(0,1), U ~ χ2 ν =m degrees of freedom, then 
• is Student’s t distribution with m d.f.
• U ~ χ2 ν =m, V ~ χ2 ν =n, then 

(U/m) / (V/n) ~ F (m, n) d.f. 
• T2 = F (1,m)

Zt
U
ν

=

2005/10/23 Jeff Lin, MD. PhD. 152

Some Important Results

• Let X1, X2, … , Xn denote a independent identical 
sample of size n from the density f(x).

• Let Y = ∑ X1 + X2 + … + Xn

• Sum of Bernoulli random variables is a Binomial 
random variable

• Sum of Poisson (λ) is a random variable with 
Poisson (n λ) .

• Sum of Exponential (θ) is a random variable 
with Gamma (n, θ) 
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Some Important Results
• Let X1, X2, … , Xn denote a independent identical 

sample of size n from the density f(x).
• Let Y = ∑ X1 + X2 + … + Xn

• Sum of Normal N(μ,σ2), is a random variable with 
N(nμ,nσ2).

• is a random variable with N(μ, σ2 /n).X
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Expected Value of a Linear Combination

Let X1,…, Xn have mean values                              
and variances of                        respectively

1 2, ,..., nµ µ µ
2 2 2
1 2, ,..., ,nσ σ σ

Whether or not the Xi’s are independent,

( ) ( ) ( )1 1 1 1... ...n n n nE a X a X a E X a E X+ + = + +

1 1 ... n na aµ µ= + +
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Variance of a Linear Combination

( ) ( )1 1
1 1

... Cov ,
n n

n n i j i j
i j

V a X a X a a X X
= =

+ + =∑∑

For any X1,…, Xn,
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Thanks !


