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The Uniform Distribution - Example

Southwest Arizona State University provides bus service to students
while they are on campus. A bus arrives at the North Main Street
and College Drive stop every 30 minutes between 6 A.M. and 11
P.M. during weekdays. Students arrive at the bus stop at random
times. The time that a student waits is uniformly distributed from

0 to 30 minutes.
1. Draw a graph of this distribution.

2. How long will a student “typically” have to wait for a bus? In other
words what is the mean waiting time? What is the standard
deviation of the waiting times?

3. What is the probability a student will wait more than 25 minutes?

4. What is the probability a student will wait between 10 and 20
minutes?

The Uniform Distribution - Example
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How long will a student “typically” have to wait for a
bus? In other words what is the mean waiting time?
What is the standard deviation of the waiting times?

:a+b: 0+30 15
2 2
2 2
o=L=D =‘/(30_0) —8.66
12 12
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The Uniform Distribution - Example
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Draw a graph of this distribution.
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The Uniform Distribution - Example
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What is the probability a student will wait more than 25

minutes?
P(25 < wait time < 30) = (height)(base)
= 1 (5)=0.1667
(30-0)
P(x)
e Area = .165?—1'
0 10 u=15 20 25 30
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The Uniform Distribution - Example
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What is the probability a student will wait between 10
and 20 minutes?
P(10 < wait time <20) = (height)(base)
(30_ )(10) 0.3333
.03'?:) Area = 3333
0 10 pu=15 20 30
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Characteristics of a Normal
Probability Distribution
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e |tis bell-shaped and has a single peak at the center of the
distribution.

e The arithmetic mean, median, and mode are equal.

e The total area under the curve is 1; half the area under the
normal curve is to the right of this center point and the other
half to the left of it.

e Itis symmetrical about the mean.




Characteristics of a Normal
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( ‘Probabilitv Distribution

e |tis asymptotic: The curve gets closer and closer to the X-axis
but never actually touches it. To put it another way, the tails of
the curve extend indefinitely in both directions.

e The location of a normal distribution is determined by the
mean,y, the dispersion or spread of the distribution is
determined by the standard deviation,o .

o 10 Scale of £
51000 51,100 Scabe of doftars.

The Normal Distribution - Families
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Camden plant

o = 3.9 years,
Dunkirk plant
o = 5.0 years,
Elmira plant
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The Normal Distribution - Graphically
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Two halves identical
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—( The Standard Normal Probability
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e The standard normal distribution is a normal distribution
with ¢z =0and g2 =1.
e It is also called the Z distribution.

e A Z-value is the distance between a selected value X
and the population mean p, divided by the population
standard deviation o.

e The formula is:
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The Normal Distribution - Families
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The Normal Probability Distribution
(¥ & » p=)

25

o TR - FAREPREX~N(py, 0?) Tz~
ZR FHa PIP(X<a) e » T afoydn
RSB o H g B oo

o G4 @ & X ~N(10,100) F Y ~ N(-8,64) >

ZIR

- P(X<20)=P(Y<0)

- P(X<30)=P(Y <8)

~ P(X>0)=P(Y >-16)

~ P(X>-10)=P(Y > -24)

The Normal Probability Distribution
(¥ & » =)

26

o FR - FAEPREX~N(p,0?)FET- ZL¥
#a PIPX<a)ays > ¥ZafoutpeS B ok

P(X <a)= P(X 4 <a_”j= P(Z <a_“j
(e} O o

o b4 e X ~N(10,100) " Y ~N(-8,64) > pl:
- P(X<20)=P(Y<0)=P(Z<1)
- P(X<30)=P(Y<8)=P(Z<2)
- PX>0)=P(Y>-16)=P(Z>-1)
- PX>-10)=P(Y >-24)=P(Z>-2)

The Normal Probability Distribution
(¥ & » p=)

27

o ER - FAEPREX~N(pu,0?) T8~ 2L ¥ &
a> Bl R P(X<a) i T %30 18 P(Z< (a-p)/0)
s 5 o

o B RH K AEPEEX ~N( g, 02) PP MEBF - F
U SR LA Z ~ N(O, 1) eodp B 45 o

Spedo o FAAE R B X ~ N( 1, 02) D

o HFHIEF A
» ET L E ERE

Ap R 8

o LM ¥ AL & fe A3k Appendix B.1, PP. 784.

Areas Under the Normal Curve

28
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The Normal Distribution — Example
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The weekly incomes of shift
foremen in the glass
industry follow the normal
probability distribution
with a mean of $1,000
and a standard deviation
of $100. What is the z
value for the income, let’'s
call it X, of a foreman who
earns $1,100 per week?
For a foreman who earns
$900 per week?

For X =$1,100:
i X-p_$1100-51000
0 $100

=1.00

For X =$900:
. X -1 §900-51,000
)

=-1.00

Normal Distribution — Finding

Probabilities

Normal Distribution — Finding Probabilities
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For X =51,000:
_X-p _$1,000-5L000
[+ $100

£

For X =81,100:
. X—up  $1100-$1000
o $100

=0.00

=1.00

S1000 $1900  Seasof Solurs

T Scleolz
$.000 $1100  Sessof dedurs

] \
In an earlier example we reported that the mean weekly
income of a shift foreman in the glass industry is
normally distributed with a mean of $1,000 and a
standard deviation of $100.
What is the likelihood of selecting a foreman whose
weekly income is between $1,000 and $1,100?
ll) 1‘:0 Scale of z
$1,000 $1,100 Scale of dollars
30
— Normal Distribution — Finding Probabilities
(Example 2)
] \
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Refer to the information regarding
the weekly income of shift
foremen in the glass industry.
The distribution of weekly
incomes follows the normal
probability distribution with a
mean of $1,000 and a
standard deviation of $100.

What is the probability of
selecting a shift foreman in the

glass industry whose income is:

Between $790 and $1,000?

For X =5%790:

se X-pu _ $790-51,000 —-210
o 8100

For X =$1,000:
X—p _$1,000-81000
o $100

0.00

5000

210 [ Scale ol 7
100 51,000 Scale ol doltars
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Normal Distribution — Finding Probabilities
(Example 3)

Refer to the information regarding Find 7 for X = 5790 -

the weekly income of shift X—p S790-S1,000
foremen in the glass industry. Ho==en==—rs o=l
The distribution of weekly To find the are below - 2.10,
incomes follows the normal subtract from 0.50 the area from - 2.10 to 0
probability distribution with a = 050-0.4821
mean of $1,000 and a standard  _ 4179
deviation of $100.
What is the probability of selecting

a shift foreman in the glass
industry whose income is:

Less than $790? y

|

Normal Distribution — Finding Probabilities
(Example 4)
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Normal Distribution — Finding
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/ ‘Probabilities (Example 5)

Refer to the information . — .
regarding the weekly income 1T X = $1.150:
of shift foremen in the glass XA $L150- 51,000 _ 1.50
industry. The distribution of : 7 $100 :
weekly incomes follows the Sy
normal probability ForX =$1,250:
distribution with a mean of - X 4 $1,250- $1,000 _ 50
$1,000 and a standard s $100 -
deviation of $100.

What is the probability of
selecting a shift foreman in
the glass industry whose / \
income is: Y

Between $1,150 and $1,250 |

$1000  $1.150 $1.250  Scals of incomes
0 150 250  Sesleslr

Refer to the information For X =25840:
regarding the weekly income _ -
of shift foremen in the glass = e s VTR =-1.60
industry. The distribution of o $100
weekly incomes follows the For X =$§1,200:
normal probability _ .
distribution with a mean of I= Sl G D20 $1,0(}0:2.{m
$1,000 and a standard o $100
deviation of $100.
What is the probability of i
selecting a shift foreman in o N
the glass industry whose y' i
income is: A i \
Between $840 and $1,200? ya o AN
P O P S e
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Using Z in Finding X Given Area - Example
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Layton Tire and Rubber Company
wishes to set a minimum mileage
guarantee on its new MX100 tire.
Tests reveal the mean mileage is
67,900 with a standard deviation
of 2,050 miles and that the
distribution of miles follows the
normal probability distribution. It
wants to set the minimum
guaranteed mileage so that no
more than 4 percent of the tires
will have to be replaced. What
minimum guaranteed mileage
should Layton announce?




Using Z in Finding X Given Area - Example
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5000 =

Solve X using the formula :
_Xow
Tire replaced if it cloes 3 ‘s o
not get this amount of i
mileage ! - X —67900
Hoor. 000 e o0
| | The value of zis found using the 4% information
r;‘{\ :. ok i Thearea between 67,900 and X is.4600, found by.5000 - 0400.
[ '
% 67,900 Using Appendix D, the area closest to.4600 is .4599, which

pives 2 z value of 1.75.

£ 7,200} then salving for X
2,050

175(2,050 )= X 67900

X =67900-17572050 )

X =64312

175=
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~P(Z>a)=P(Z<-a)
“P(Z>-a)=P(Z<a)
~P(Z>a)=1-P(Z<a)=1-P(Z>-a)

o Y
- P(Z<-0.5), P(Z>2), P(-1<Z<1.5)

7, i &Zx i PL>Z)=a »

|
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#) X,y 151,200, 0 RB OHE S
TISEr SRR o) o 9 a,a,,...,a
i{ﬁfj’g\’f? Y=aX,+a,X,+..+a,X

Y ~N|Yau.Y el

n

b Za = 'Z1-a
~ Zgos =1.96
~ Zgos = 1.645
~ Zggs =-1.645
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The Empirical Rule
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e About 68 percent of the area under the normal curve is within one
standard deviation of the mean.

e About 95 percent is within two standard deviations of the mean.
e Practically all is within three standard deviations of the mean.

- 68%

95%

i
S —— Prﬂcllt':ally all —————=
u=-3¢ p-2c wu-1lo 1 pu+1o w+2¢ p+3c ScaleofX
converts to
L h L L L
-3 -2 -1 0 1 2 3 Scale of z

10



The Empirical Rule - Example
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As part of its quality assurance program, the Autolite Battery
Company conducts tests on battery life. For a particular D-cell
alkaline battery, the mean life is 19 hours. The useful life of the
battery follows a normal distribution with a standard deviation of
1.2 hours.

Answer the following questions.

1. About 68 percent of the batteries failed between what two values?
2. About 95 percent of the batteries failed between what two values?
3. Virtually all of the batteries failed between what two values?

The Empirical Rule - Example

We can use the results of the Empirical Rule to answer these questions.

1. About 68 percent of the batteries will fail between 17.8 and 20.2 hours
by 19.0 = 1{1.2} hours.

2. About 95 percent of the batteries will fail between 16.6 and 21.4 hours
by 12.0 = 2(1.2) hours.

3. Virtually all failed between 15.4 and 22.6 hours, found by 19.0 = 3(1.2)

This information is summarized on the following chart.

Normal Approximation to the Binomial
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e The normal distribution (a continuous distribution)
yields a good approximation of the binomial distribution
(a discrete distribution) for large values of n.

e The normal probability distribution is generally a good
approximation to the binomial probability distribution
when nz and n(1-z) are both greater than 5.

-~ 68%
| 95%
.~—|—— Practically all ——————=
u=3c p-2g p-1lc M p+1c w+2c p+3c Scaleof
15.4 16.6 17.8 19.0 202 21.4 226  hours
42
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Normal Approximation to the Binomial
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Using the normal distribution (a continuous distribution) as a
substitute for a binomial distribution (a discrete distribution) for
large values of n seems reasonable because, as n increases, a
binomial distribution gets closer and closer to a normal
distribution.

n=1 n=3 n=20
.50
40 A0} .20
= 30 307 A5
= 20 20/ 10
10 A0} 05 . .
11 I | LA e 11
01 x 0123 x 0 2 4 6 8 10 12 14 16 18 20 ¥
Humber of Number of Number of occurrences

OCCUITENCEs OCCUITENCES

11



How to Apply the Correction Factor
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Only four cases may arise. These cases are:

1. For the probability at least X occurs, use the area
above (X -0.5).

2. For the probability that more than X occurs, use
the area above (X+0.5).

3. For the probability that X or fewer occurs, use the
area below (X -0.5).

4. For the probability that fewer than X occurs, use
the area below (X+0.5).

47
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Continuity Correction Factor
- |
The value .5 subtracted or added, depending on the
problem, to a selected value when a binomial probability
distribution (a discrete probability distribution) is being
approximated by a continuous probability distribution (the
normal distribution).
Ao
09
n0s
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g 0E
E o
03
oz
om
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- Normal Approximation to the Binomial
- Example
- |

Suppose the management of
the Santoni Pizza
Restaurant found that 70
percent of its new
customers return for
another meal. For a week
in which 80 new (first-time)
customers dined at
Santoni’s, what is the
probability that 60 or more
will return for another meal?

Normal Approximation to the Binomial
- Example

48

Py = oCy (m)* (1 = "™
Pix = 60) = 4,Cpy (.70 (1 — .70 = 063
Plx = 61) = ,C,, (700 (1 — 70} = 048

b o
Bobrweg  Pebbay  Retwwey  Prohatany
e
08
0

“

P(X > 60) = 0.063+0.048+ ... + 0.001) = 0.197

12
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Normal Approximation to the Binomial -
Example
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Step 1. Find the mean
and the variance of a
binomial distribution o=168=410
and find the z X-p  595-56
corresponding to an X = =
of 59.5 (x-.5, the
correction factor)

Step 2: Determine the
area from 59.5 and /
beyond /

1 =nmw =80(.70) =56

o 4.10

o’ =nm(l-x)=80(.70)(1-.70)=16.8

Exercises
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e 1,3,7,9,13,15,17,19,21,23,25,27,31,33,37,39,
41,43,45,53,55,59,63

51

End of Chapter 7
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