Nonparametric Methods:
Q% Chi-square Distribution

Chapter 17

Characteristics of the Chi-Square Distribution

|
The major characteristics of

the chi-square distribution
are:
= Itis positively skewed. w
= Itis non-negative.

= Itis based on degrees of :
freedom. g

= When the degrees of freedom e

change, a new distribution is ol _
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Nonparametric Test

I )

= For the tests studied before, we assume the
populations follow the normal probability
distribution.

= There are tests available in which no
assumption regarding the shape of the
population is necessary. These tests are
referred to as nonparametric tests.

= The assumption of a normal population is not
necessary.

Goodness-of-Fit Test
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Goodness-of-Fit Test: Equal Expected Frequencies

= The purpose of the goodness-of-fit test is to compare
an observed distribution to an expected distribution.
= Equal Expected Frequencies
FAENPLAZfA R orRadvkE > BFLMEE
TdF = farkth et I F A0 2

= Unequal Expected Frequencies
RS2 A=A R rhaukis  BFETEE
Fodd = Fhok e et 6] B FE 5 20%, 30%, 50% ?

Goodness-of-Fit Test: Equal
Expected Frequencies

H,: There is no difference between the observed
and expected frequencies.

= H;: There is a difference between the observed

and the expected frequencies.

Notations:
» f, : observed frequencies
= f,: expected frequencies

‘ Goodness-of-fit Test: Equal Expected Frequencies

|
The test statistic is:

The critical value is a chi-square value with (k-1)
degrees of freedom, where k is the number of
categories

Goodness-of-Fit Example

Ms. Jan Kilpatrick is the marketing
manager for a manufacturer of sports
cards. She plans to begin selling a series
of cards with pictures and playing
statistics of former Major League
Baseball players. One of the problems is
the selection of the former players. At a
baseball card show at Southwyck Mall

last weekend, she set up a booth and Player Cards Sold
offered cards of the following six Hall Tom Seaver 13
of Fame baseball players: Tom Seaver, Nolan Ryan 3
Nolan Ryan, Ty Cobb, George Brett, Ty Cobb 14
Hank Aaron, and Johnny Bench. ﬁ::;ﬂmi" 3;

Johnny Bench 17
Total 120




Goodness-of-Fit Example

|
At the end of the day she sold

a total of 120 cards. The
number of cards sold for
each old-time player is
shown in the table on the
right. Can she conclude the

sales are not the same for

_ Player Cards Sold |

each player? Use 0.05 Tom Seaver 13
significance level. Nolan Ryan 33
Ty Cobb 14
George Brett 7
Hank Aaron 36
Johnny Bench j
Total 120

Goodness-of-Fit Example

|
Step 1: State the null hypothesis and the
alternate hypothesis.

H,: there is no difference between f, and f,
H,: there is a difference between f, and f,

Step 2: Select the level of significance.
a = 0.05 as stated in the problem

Goodness-of-Fit Example

Step 3: Select the test statistic.

The test statistic follows the chi-square
distribution, designated as y 2

9 (fo_feJlT
e=3lly

Goodness-of-Fit Example

|
Step 4: Formulate the decision rule.

RejectH, if 1° > yux-
) R A Portion of the Chi-Square Table

( fn — fe )2 2
b3 F |74 Degrees of Right-Tal Area
Loe 4 Freedom
(f,—f.f ) df A0 05 0
D, f, > X 056 i 2706 384 54f2
- ) 2 4G5 s 7o
3 [0 P 3 6 M5 9
f, ‘ 4 T oM 116
y 1 5 92% o] 1338

n

6.635
9210
11.345
13217
15.086




Goodness-of-Fit Example

Region of
£ Rejection
s Do not .05
= reject : j
(=9
Hy -
11.070 Scale of x2
Critical
value

Goodness-of-Fit Example

|
Step 5: Compute the value of the Chi-square

statistic and make a decision (f,~£.)
2 _ 0 e
7=y e
m ] 3 s
Baseball i, = £
Player Ty A (= ) [ "r?a 1o
Tom Seaver 13 20 -7 49 49/20 = 245
Nolan Ryan 33 20 13 169 169,20 8.45
Ty Cobb 14 20 -8 36 3620 = 1.80
George Brett 7 20 -13 169 169/20 = 8.45
Hank Aaron 36 20 16 256 256/20 = 12.80
Johnny Bench 17 20 =$ 9 9/20 = 0.45
o 34.40
Mustbe, -7 ¥ -

Goodness-of-Fit Example

Region of
= N Rejection
= Do not y .05
= reject : ‘[
= Ho —

value

11.070 Scale of x2
Critical

34}.40
The computed x 2 of 34.40 is in the rejection region, beyond the critical value
of 11.070. The decision, therefore, is to reject H, at the .05 level .
Conclusion: The difference between the observed and the expected
frequencies is not due to chance. Rather, the differences between f, and f, and
are large enough to be considered significant. It is unlikely that card sales are
the same among the six players.

Goodness-of-Fit Example

Conclusion:

The difference between the observed and the expected
frequencies is not due to chance. Rather, the differences
between f, and f, and are large enough to be considered
significant. It is unlikely that card sales are the same
among the six players.




Limitations of Chi-Square

l If there is an unusually small expected frequency in a
cell, chi-square might result in a wrong conclusion.
Two generally accepted policies regarding small cell
frequencies are:

= |f there are only two cells, the expected frequency in each
cell should be at least 5.

= For more than two cells, chi-square should not be used if
more than 20 % of the fe cells have expected frequencies
less than 5.

Examples:

:> Problem!!

Individual _ fO fe

Lierate 643 642 [ > OKII

illiterate 7 6
Level of Management fo fe
Foreman 30 32
Supervisor 110 113
Manager 86 87
Middle Management 23 24
Assistant Vice President 5 2
Vice President 5 4
Senior Vice President 4 1

Resolution

= We can combine the 3 vice president categories.

Level of Management fo fe

Foreman 30 32

Supervisor 110 113

Manager 86 87 OKII
Middle Management 23 24 :> "

President 14 7

g@Goodness-of—Fit Test

T

Unequal Expected Frequencies




Goodness-of-Fit Test: Unqual Expected Frequencies

H,: There is no difference between the observed
and expected frequencies.

H,: There is a difference between the observed
and the expected frequencies.

Notations:

= f,: observed frequencies

= f,: expected frequencies

Goodness-of-Fit Test: Unequal Expected
Frequencies - Example

|

The American Hospital Administrators Association
(AHAA) reports the following information concerning
the number of times senior citizens are admitted to a
hospital during a one-year period.
40 percent are not admitted; 30 percent are admitted
once; 20 percent are admitted twice, and the remaining
10 percent are admitted three or more times.

Goodness-of-Fit Test: Unequal
Expected Frequencies - Example

|
A survey of 150 residents of Bartow Estates, a

community devoted to active seniors located in
central Florida, revealed 55 residents were not
admitted during the last year, 50 were admitted
to a hospital once, 32 were admitted twice, and
the rest of those in the survey were admitted
three or more times.

Can we conclude the survey at Bartow Estates is
consistent with the information suggested by the
AHAA? Use the .05 significance level.

Goodness-of-Fit Test: Unequal
Expected Frequencies - Example

Step 1: State the null hypothesis and the alternate hypothesis.
Hy: There is no difference between local and national
experience for hospital admissions.
H,: There is a difference between local and national
experience for hospital admissions.

Step 2: Select the level of significance.
a =0.05 as stated in the problem

Step 3: Select the test statistic.
The test statistic follows the chi-square distribution,

designated as y 2
f, — f)?
2 = 2|:(0 E }
X .




Goodness-of-Fit Test: Unequal Expected
Frequencies - Example

|
Step 4: Formulate the decision rule.

Reject H, if 2 >/ak 1

df=3
f, o~ Region of rejection
> y2ak = / 05
5
2|/ oo N\ /
2|/ reject ~ [
) & |,
> ¥ 0541 H e
7.815 Scale of x?
Critical
> l 05,3 value

—

>7.815

[fo—f)

R

Goodness-of-Fit Test: Unequal Expected
Frequencies - Example

Distribution stated in Frequencies observed in f:ﬁjj:? freauencies of
the problem a sgmple of 150 Bartow stated in the Null Hypothesis
residents is correct

Number of AHAA Percent Number of Expected Mumber
Times Admitted of Total riow Residents (f) f Residents (f,)

0 40

1 30 .:D

2 20 32 JLP

3 or more 10 13 15

Total 100 15

150

Computation of f,
0.40 X 150 = 60
0.30 X 150 = 45
0.30 X 150 = 30
0.10 X 150= 15

Goodness-of-Fit Test: Unequal Expected
Frequencies - Example

|
Step 5: Compute the value of the Chi-square statistic and make

a decision K—Z{(f";feq

Number of
Times Admitted () () LS (f, — £)¥/f,
0 55 60 {3 0.4167
1 50 45 5 0.5556
2 32 30 2 0.1333
3 or more 1_3 E i 02667
Total 150 150 0 ﬁ

Computed y 2/

af=3
Region of rejection
e 05
= Domot ™ f
g reject ~_ !
H
7.815 Scale of x2
Critical
value
1.3723

The computed y 2 of 1.3723 is in the “Do not rejection H," region.

The difference between the observed and the expected frequencies
is due to chance.

We conclude that there is no evidence a difference

between the local and national experience for hospital
admissions.




Ex. 17.1 Ex.17.1
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Ex. 17.1 Ex. 17.1 (1)

s AP ERTRE

H R R R A B T 4 , e 2K (02
B A R E B S :_§1T =1005.13
%% |0 [#%[E=np (O-E) |(0-Ey |(O-EyIE 1= [
5.+ %FEP%

4 300 |0.65 |1000*0.65=650 -350 | 122500 |188.46

2
LRFHEl y =1005.13 > 7.378 » % v ffiaeiis - U=
%4 (600 |0.2 |1000*0.2=200 400 160000 | 800 e B

s

pEd *| = - C7u Lt B ] Y PN O L Y -z o et
;: w 100 |0.15 |1000*0.15=150 50 2500 16.67 EIFE["T* IE?\I@? . ﬁyfl Tﬂk?ﬁﬁﬁ?ﬁ r ,JJ:):\ }m@@ﬁ[‘Jﬁfﬁk“[nk}ﬁly’T@ 5

1005.13




Ex. 17.2 (1)
|

A Ly ST [ e

3 3 0-20 20-40 | 40-60 60-80 80-100

A fic 8 14 47 20 11 n=100

AR LR R EA T

Ex. 17.2 (2)

L FHISR  Hyt SRHEN [ Hy P fE e
PRELE) SN > FL— ( 2oFIH0ER > PRI o  R fehd
3 RS i i

@ =0.025 k=5 FIfiH df =k-1=5-1-2=2

(BTl m = 2 RLPSEBF P ch DR 3Ry T 2l 2 o) -
R R R 23 0005 = 7.378¢

Ex. 17.2 (3)

1
A5 TG E R
PRI PR B a4 T | Xty

_ * * *, % *
g = 10*8+30 14+50104£)7+70 20+90*11 -504

bl 8o TS D

2 102*8+302*14+502*47+702*20+902*11-100*52.42
S = 100-1

=438.48

T S =2094

Ex. 17.2 (4)

|
T P(X<20)=P(Z< 20524 P(Z<-1.547)=0.061
Fiﬁflq (% ( < )_ ( 2094 ) ( < )

20-52.4 40-52.4
<Z<

P(20<X <40)=P(
20.94 20.94

)

= P(-1.547 < Z <-0.592) = 0.217

P41 = 5 sk




Ex. 17.2 (5)

S 20~ |20-40  |40-60  [60-80 |80szt
o 8 14 47 20 11
Z=(U-52.4)/2094  |-1547 |-0592 0363  [1.318 |oo
Z=(L-52.4)/20.94 -c0 1547 |-0592 |0.363 |1.318
% @P 0.061 0217 [0363 |0.266 |0.093
E(np) 6.1 21.7 36.3 266 |93
(0-E) 361 5929  |114.49 |4356 |2.89

Ex. 17.2 (6)

|
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Ex. 17.2 (7)

|
5.7 i fi
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71| 85 % % 7 Contingency Table Analysis
g%ﬁvi 14 # 2 Test of Independence
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Contingency Tables

|
A CONTINGENCY TABLE is a table

used to classify sample observations
according to two or more identifiable
characteristics

Contingency Tables

|

E.g. A survey of 150 adults classified each as to gender
and the number of movies attended last month. Each
respondent is classified according to two criteria—the
number of movies attended and gender.

Is gender related to the movies attended ?

Gender
Movies Attended Men Women Total
0 20 40 60
1 40 30 70
2 or more 10 10 20
Total 70 80 150

Contingency Tables - Example

|

A sample of executives were surveyed about their loyalty to their
company. One of the questions was, “If you were given an offer
by another company equal to or slightly better than your present
position, would you remain with the company or take the other
position?” The responses of the 200 executives in the survey were
cross-classified with their length of service with the company.

Is loyalty related to the length of employment ?

Length of Service

Less than 1-5 G-10 More than

1 Year, Years, Years, 10 Years,
Loyalty B, B, B, A Total
Would remain, A, 10 30 5 75 120
Would not remain, 4, 25 15 10 30 80
35 45 15 105 200

Contingency Table Analysis

! A contingency table is used to investigate whether two traits or
characteristics are related. Each observation is classified
according to two criteria. We use the usual hypothesis
testing procedure.

= The degrees of freedom is equal to:
(number of rows-1)(number of columns-1).
= The expected frequency is computed as:

_ (Row total)(Column tota)
‘ Grand fotal

11



Contingency Analysis

| . - -

We can use the chi-square statistic to formally test for a relationship
between two nominal-scaled variables. To put it another way, Is
one variable independent of the other?

= Ford Motor Company operates an assembly plant in Dearborn,
Michigan. The plant operates three shifts per day, 5 days a week.
The quality control manager wishes to compare the quality level
on the three shifts. Vehicles are classified by quality level
(acceptable, unacceptable) and shift (day, afternoon, night). Is
there a difference in the quality level on the three shifts? That is, is
the quality of the product related to the shift when it was
manufactured? Or is the quality of the product independent of the
shift on which it was manufactured?

Contingency Analysis

= A sample of 100 drivers who were stopped for speeding
violations was classified by gender and whether or not
they were wearing a seat belt. For this sample, is
wearing a seatbelt related to gender?

= Does a male released from federal prison make a
different adjustment to civilian life if he returns to his
hometown or if he goes elsewhere to live? The two
variables are adjustment to civilian life and place of
residence. Note that both variables are measured on the
nominal scale.

Contingency Analysis - Example

|
The Federal Correction Agency is investigating the

last question cited above: Does a male released
from federal prison make a different adjustment
to civilian life if he returns to his hometown or if
he goes elsewhere to live? To put it another way,
is there a relationship between adjustment to
civilian life and place of residence after release
from prison? Use the .01 significance level.

Contingency Analysis - Example

The agency’s psychologists interviewed 200 randomly selected former prisoners.
Using a series of questions, the psychologists classified the adjustment of each
individual to civilian life as outstanding, good, fair, or unsatisfactory. The
classifications for the 200 former prisoners were tallied as follows. Joseph
Camden, for example, returned to his hometown and has shown outstanding
adjustment to civilian life. His case is one of the 27 tallies in the upper left box
(circled).

Residence Adjustment to Civilian Life
after Release
from Prison Ouistanding Good Fair Unsatisfactory
LHT TR LT BT B FHT BT 1T LHT BT
Hometown T LHE T I FHT LT 1T T EHT
Mt i
Not hometown T AT LHTE I I HHT L 1 LHT T 1T
W M T

12



Contingency Analysis - Example

Residence Adjustment to Givilian Life

after Release i : : .

from Prison Outstanding iood Fair Unsafisfaciory | Total

Hometown l 3 3 ] 120

ot homeiown 13 15 7 e} il
Tofa 0 50 il 50 a0

Contingency Analysis - Example

|Step 1: State the null hypothesis and the

alternate hypothesis.
H,: There is no relationship between adjustment to civilian
life and where the individual lives after being released
from prison.

H,: There is a relationship between adjustment to civilian life
and where the individual lives after being released from
prison.

Step 2: Select the level of significance.
a =0.01 as stated in the problem

Contingency Analysis - Example

Step 3: Select the test statistic.

The test statistic follows the chi-square distribution,
designated as y 2

Contingency Analysis - Example

Step 4: Formulate the decision rule.

Reject H,if 72> 7% (r-ne-n)

-
Z % >;(2a,(271)(471)

e

3| (o= £

- > y 2o

e

3 | (o= )

f

e

2
>y o3

3 {(f‘fif)z} >11.345
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Computing Expected Frequencies (f,)

_ (Row total)(Celumn total)
B Grand total

fe

Adjustmeny to Civilian Life

after Release Outstanding Em@ Fair Unsatisfactory Total
from Prison A f, f, % f, f, % f f fo
Hometown [ 27 24 35 30 | 33 36 | 25 30 120 120
Not hometown 13 16 15 20 27 24 25 20 80 80
Total 40 40 50 50 60 60 50 50 200 200
N/ ot
%

Computing the Chi-square Statistic

Adjustment to Civilian Life

Residence " . -
after Release Outstanding Good Fair Unsatisfactory Total
from Prison f, f, f, f, f, f, f, f, f, f,
Hometown 27 24 35 30 33 36 25 30 120 120
Not hometown 13 16 15 20 27 24 25 20 80 80
Total 40 40 50 50\ 60 60 50 50 200 200
Starting with the upper left cell:
. _(7-247 (35-307 (33367 (25— 30F
, — £y X 4 a0 36 30
2 _ 5 o &.
X = ~[ f } (13- 16 (15— 20 (27 — 24F (25 - 20F
e + + + +
16 20 24 20
= 0.375 + 0.833 + 0.250 + 0.833 + 0.563 + 1.250 + 0.375 + 1.250
= 5729

Conclusion

Ex. 17.3 (1)

df=3 s , 2 ) -
o~ ST RR G EsS S LT
:§ - . Region ﬂé{EiEEtiﬂﬂ 7; Fﬁg ?
2/ reject N i
11.345 Scale of x* R . N
5.729 Gitea " -\ 30 ™ |31kt &3
Premacy 108 74 182
The compu?ed x? qf 5.729 is in the "‘Do' r)ot rejection Hy” region. The null TRIBUTE2.0/3.0 |45 36 81
hypothesis is not rejected at the .01 significance level.
MPV 90 126 216
We conclude there is no evidence of a relationship between adjustment to
civilian life and where the prisoner resides after being released from &3 243 236 479
prison. For the Federal Correction Agency’s advisement program,

adjustment to civilian life is not related to where the ex-prisoner lives.

14



Ex. 17.3 (2)

1

L PG © Hy: 4T B R My 0T
2 R

P e B -

SRR T

@ =005 FAEL- [ 3% 2[5k PUSFIIE df = (1)(-1) = (B-1)(21) =2

FiF B AR 25 005= 5991

Ex. 17.3 (3)

|
4G TR B

(R € =

Sl § A

SFEET IFHRE R

==

AR e
ERUVES T 30k T 3l t &3
Premacy 108(92.33) 74(89.67) 182
TRIBUTE2.0/3 | 45(41.09) 36(39.91) 81
.0
MPV 90(109.58) 126(106.42) 216
&3 243 236 479

Ex. 17.3 (4)

s 2 (1089233  (74-8967)>  (126-106.42)%
BRI GHRAE 7 = e *—goer T 1062z - 024

5. ?ﬁ%

2 “os [ p
Zaoes = 5.991 » {&T-ERE s

R =13.254 R
AR - R & 2 B - T =
BT RS RS

Premacy EbF SR ELEH SRR -

Ex. 17.4 (1)

m A 308 B A FHAMFRE AT 4

RARRLFELTE G M (a =001)?

) IR TR

B AR R Bk £3
H 45 °

" 80 61 141

? 94 24 118

B 108 31 139

&3+ 282 116 398
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Ex. 17.4 (2)

Rl PRI Hy: R R
Hy: i’ﬁ%’lﬁ'ﬁ{ﬁﬂ?@%ﬁ%&ﬁl@ | E*IFJ

AR

En =398*141/398*282/398=99.9 - élz =398*141/398*116/398=41.1

E21 =398*118/398*282/398=83.6 - Ezz =398*118/398*116/398=34.4

E31 =398*139/398*282/398=98.5 » é32 =398*139/398*116/398=40.5

Ex. 17.4 (3)

|
R E s

2_(80-99.9)% (61-41.1)° (94-83.6)% (24-34.4)°

99.9 411 83.6 344

,(108-085)% (31-40.5)2
985 405

=21.18

PRI S o A g AP AR (5

Tdo

Exercises

= 1,3,5,7,9,13,15,17,19,21,25,27
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