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4.1 Vector Random Variables'

Consider the two dimensional random variable

X = (X,Y). Find the regions of the planes corresponding

to the events

A={X+Y <10},

B ={min(X,Y) <5} and
C ={X*+Y?<100}.
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e Let the n-dimensional random variable X be
X = (X1, Xs,...,X,,) and A be a one dimensional

event that involves X.

e Events with product form is defined as

A={Xi e A n{Xo e A} n---N{X, € A,}.

PlA] = PH{Xie€e A n{Xee A tn---N{X, € A,}]
PIX,e€eA,.... X, € A,

e Some events may not be of product form.
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Some two-dimensional product form events

&y

(x1,¥2) (2,¥2)

=
X

|

{IX|>x} Ny <Y<y}
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Probability of non-product-form event

e B is partitioned into disjoint product-form events such
as By, DBy, ..., B,, and

P[B] ~ P =Y P[By].

e Approximation becomes exact as By’s become arbitrary
fine.
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Non-product-form events

\5 A

BN
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Independence

e T'wo random variables X and Y are independent if

P|X € A1,Y € Ay)] = P|X € A|PlY € As).

e Random variables X7, Xs, ..., X, are independent if

P[Xi€ Ay,.... X, € A, =P X, € A]---PX, € A,
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‘4.2 Pairs of Random Variables.

Pairs of Discrete Random Variables

e Random variable X = (X,Y)

e Sample space S ={(x;,yx):j=1,2,...,k
is countable.

e Joint probability mass function (pmf) of X is

PX,Y(ZCj,yk)
P{X =z;} N {Y = yx}]
PIX =x;,Y =y i=1,2,... k=1,2,...
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e Probability of event A is

PlX € A = Z pxy (T, Yk).

(CC] 7yk: EA

e Marginal probability mass function is

px () PIX = z;]

P|X = z;,Y = anything]
P{X =z;and Y =y} U
{X=zx;and Y =y} U--]

ZPX,Y(mja Yk)-
k=1
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e Similarly

py (yk) = Z px,y (Zj, Yr)-
j=1

Graduate Institute of Communication Engineering, National Taipei University

10



Y. S. Han Multiple Random Variables

Joint cdf of X and Y

e Joint cumulative distribution function of X and Y is

given as

Fxy(ry,91) = PIX <21, Y <y
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Fy yGy) = PIX < x, Y€y

(x1,¥1)
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Properties

. Continuous from the right

lim FX,Y(SEJ y)

r—at

lim FX,Y(xa y)

y—bT

Graduate Institute of Communication Engineering, National Taipei University

13



Y. S. Han

Multiple Random Variables

ok

Fy(x)) = P[X < x;,Y < ] Fy(y;) = PIX<®,Y< y|]
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Example: Joint cdf of X = (X,Y) is given as

0 otherwise

Fxy(z,y) = {

Find the marginal cdt’s.
Sol:

Fx(z)=lim Fxy(z,y) =1—¢e* 2 >0.

Y—00 o

Fy(y) = lim Fxy(z,y) =1—¢e y>0.

T— 00 T
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e Probability of region B = {1 < X < x2,Y <11}
Fxy(z2,9y1) = Fxy(r1,y1) + Plry < X < 22,Y < 1]
— Plz1 < X <22,Y <y1| = Fxy(z2,y1) — Fx,y(z1,%1)

e Probability of region A ={x1 < X < z9,y1 <Y <1y}

Fxy(x2,y2) = Plog <X <ao,y1 <Y <y
+ Fxy(ze,y1)+ Fxy(x1,y2) — Fxy(z1,y1)

Plz; < X < xo,y1 <Y < ]
= Fxy(z2,y2) — Fxyv(z2,y1) — Fxv(x1,y2) + Fxy(x1,y1)
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X1,y (¥

Il
|

» X

(x1,¥2)

(X 2 r}’z)
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Joint pdf of Two Jointly Continuous Random
Variables

e Random variable X = (X,Y)

e Joint probability density function fxy(z,y) is defined
such that for every event A

P[X € A] = //hnyM@
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fx,}’(-fa}'J A
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Properties

+00 +00
1 = / fX’Y(ZEl, y/)diﬂldy/.

@) — 00

Fxy(x,y) / / fxy (@' y')dx'dy'.

o a FX,Y(xay)
fX,Y(SE,y) — axay .

P[CL1<X§[)1,CL2<Y§b2]_/
a

Marginal pdf’s
d d

—F = —F
dx x(x) dx xy(,00)
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Sx@)dx £ Plx < X< x + dx, Y < ]

(a)

~

JyWdy EPX< oy < ¥ y + dy]
(b)
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Example: Let the pdf of X = (X,Y) be
Il 0<zr<land0<y<l1

0 elsewhere

fX,Y(xv y) — {

Find the joint cdf.
Sol: Consider five cases:

e <0ory<0, Fxy(z,y) =0;
. (z,y) € unit interval, Fxy
0<z<landy>1, Fxy
cx>land 0<y <1, Fyy

.x>1land y > 1, Fxy(z,y
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Example: Random variables X and Y are jointly
Gaussian

1

fX,Y(QE;y) — QWM

Find the marginal pdf’s.

Graduate Institute of Communication Engineering, National Taipei University

e—(332—2,033y+y2)/2(1—/02) — 0O < x) y < 1.

25



Y. S. Han

Multiple Random Variables

Graduate Institute of Communication Engineering, National Taipei University

26



Y. S. Han Multiple Random Variables

e Marginal pdf of X

e~22/21-p7)  [+oc
Comy/1 — 0% J -

e Add and subtract p*z? in the exponent, i.e.,
Yy’ —2pzy + p’a® — p*a? = (y — px)? — pPa”.

e~ W' —2pmy)/2(0=p%) g,

fx ()

e~ % /2(1=p?)  pFoo
e
2m+/1 — p? J -
e—?/2 oo o—(y—px)?/2(1-p?) ;
— Y
V21 ) /27(1 — p?)

N (px;1—p?)

~ly=p2)*=p*2%1/2(1=1%) 4,

fx(z) =

Graduate Institute of Communication Engineering, National Taipei University
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Example: Let X be the input to a communication
channel and Y the output. The input to the channel is +1
volt or —1 volt with equal probability. The output of the
channel is the input plus a noise voltage N that is
uniformly distributed in the interval -2, +2] volts. Find
P X =+1,Y <0].

Sol:

PIX =+1,Y <y] = P[Y <y|X = +1]P[X = +1],
where P|X = +1] = 1/2. When the input X = 1, the

output Y is uniformly distributed in the interval [—1, 3.

Theretore,

PlY <y|X =+1] = for —1 <y < 3.
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PIY < 0|X = +1]P[X = +1]

(1/4)(1/2) = 1/8.

Graduate Institute of Communication Engineering, National Taipei University
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‘4.3 Independence of Two Random Variables'

e X and Y are independent random variables if for every

events A; and A,

PIX € A)Y € Ayl = P X € A||PlY € A,

e Suppose X and Y are discrete random variables. We
are interesting in the probability of event A = A; N As,.
Let Ay ={X =x;} and Ay ={Y =y}, then the
independence of X and Y implies

pX,Y(%';yk) — P[X — 37j>Y — yk:]
P[X — xj]P[Y

Graduate Institute of Communication Engineering, National Taipei University
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= px(x;)py (Yr)

— joint pmf is equal to the product of the marginal
pmfi’s.
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e LLet X and Y be random variables with
pxy (%5, yx) = px(x;)py (yr). Let A= A N A,.

PIA] = > > pxy(®,u)

x;j €A y.€As

> > px(@)py(ys)

x; €A1 YR €A

Z px (T ) Z Py (Yx)

x; €A1 Y E€EA2

= P[A|P|A]

e Discrete random variables X and Y are
independent if and only if the joint pmf is equal
to the product of the marginal pmf’s for all
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e Random variables X and Y are independent if and only

if

Fxy(z,y) = Fx(x)Fy(y) for all x and y.

e If X and Y are jointly continuous, then X and Y are
independent if and only if

fxy(z,y) = fx(x)fy(y) forall z and y.
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e If X and Y are independent random variables, then
g(X) and h(Y) are also independent.
Proof: Let A and B are any two events involve g(X)
and h(Y), respectively. Define

A'={x:g9(x)e A} and B ={y:h(y) € B}.

Then

Plg(X) € A,h(Y) € B X cAY € B
X ¢ A|P[Y € B]
4(X) € AJP[W(Y) € B].

Graduate Institute of Communication Engineering, National Taipei University
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4.4 Conditional Probability & Conditional Expectatipn

Conditional Probability

e Probability of Y € A given that the exact value of X is

known as

PlY € A, X =z

PlY e A| X =2x| = PIX = 1]

e Conditional cdf of Y given X = xy, is

P[X:Q?k] ’

Fy (y|ze) =

for P| X = x| > 0.
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e Conditional pdf of Y given X = x;, is

d

fy (ylxy) = d_yFY(y|5Ek)

e Probability of event A given X = x;, is

PIY € A|X = 1] = / Pl

e If X and Y are independent, then Fy(y|x) = Fy(y) and
frWle) = fy ().

Graduate Institute of Communication Engineering, National Taipei University
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e If X and Y are discrete, then conditional pdf will
consist of delta functions with probability mass given
by the conditional pmt of Y given X = zy:

py(yjlzr) = PlY =y;| X = 2]
P[X =2, Y = yj]

pX,Y(:Cka y])
px(l’k)

o If X and Y are discrete, the probability of any event A

given X = xy 1S

PlY € AIX = a] = > py(yslzs).

y; €A

Graduate Institute of Communication Engineering, National Taipei University
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Example: Let X be the input to a communication
channel and let Y be the output. The input to the channel
is +1 volt or —1 volt with equal probability. The output of
the channel is the input plus a noise voltage IV that is
uniformly distributed in the interval [—2, +2] volts. Find
the probability that Y is negative given that X is +1.

Sol: If X = 41, then Y is uniformly distributed in the

interval [—1, 3] and

—1<y<3

fr(yll) = {

0 elsewhere
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Continuous Random Variables

e If X is a continuous random variable, then

P|X =2 =0.

e Conditional cdf of Y given X = x is

Fy(y|lx) = }ILILI(IJ Fy(ylr < X <z +h).

PlY <y,z < X <z +h
Plx < X <x+ hl

f;yoo f;Jrh fxy (@ y)dx' dy

JE () da!

Graduate Institute of Communication Engineering, National Taipei University
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N [P fxy(x,y)dy'h

e As h approach zero

f;yoo fX,Y(fC, y')dy'
fx(x) |

e Conditional pdf of Y given X = x is

Fy (ylr) =

e If X and Y are independent, then

fX,Y(may) — fX(m)fY(y), fY(y|£L’) = fy(y), and
FY(?JW) = Fy( )

Graduate Institute of Communication Engineering, National Taipei University
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Example: Let X and Y be random variables with joint
pdf

2% 0<y<zr<x
fX,Y(SEJ y) —
0 elsewhere

Find fx(z|y) and fy(y|z).
Sol: The marginal pdfs of X and Y are

fx(x) = / fxyv(z,y)dy = / 2¢ e Ydy =2¢ " (1—e ") 0<zx <
0 0

—(z—y)

=€ forx >y

= for O
2e (1 —e¢?) orU<y<x

Graduate Institute of Communication Engineering, National Taipei University
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e The relation of joint probability and conditional
probability for discrete random variables X and Y are

PIX =z, Y =y;] = PlY =y;|X = x4 P|X = ]
pxy(z,y) = py(ylr)px(z)

e Suppose that we are interested in the probability of
Y € A. Then

PlY € A] S: S: px,y (Tk, Yj)

all L ijA

S: y: py (Yj|or)px (T8

all Tl ijA

Graduate Institute of Communication Engineering, National Taipei University
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> px(@) D py(yjlaee).

all L ijA

Thus,

PlY € Al = Z PlY € A|X = xp|px(xk).

Graduate Institute of Communication Engineering, National Taipei Univers
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e If X and Y are continuous, then

fX,Y(%y) = fy(ylz) fx(x).

e Probability of Y € A is

400

PlY € A] = / PlY € A|X = z]fx(x)dx.

— 00

Graduate Institute of Communication Engineering, National Taipei University
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Example: The random variable X is selected at random
from the unit interval; the random variable Y is then
selected at random from the interval (0, X). Find the cdf
of Y.

Sol: We have

() = PIY <3 = | PIV <)X = alfx(@)de

When X = z, Y is uniformly distributed in (0, x). Thus,

PW<yXﬂ{

Graduate Institute of Communication Engineering, National Taipei University
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X

Y 1
Fy(y):/o 1dx’+/ g/d:c':y—ylny.
y

The pdf of Y is then

fry)=—ny 0<y<1.

Graduate Institute of Communication Engineering, National Taipei University
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Conditional Expectation

e Conditional expectation of Y given X = x is

E[Yla] = / " ufy(la)d

— 00

e For discrete random variables, we have

E[Y|z] = Zygpy yil).

Graduate Institute of Communication Engineering, National Taipei University
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e Define a function g(x) = E[Y |z].
e g(X) is a random variable.

e Consider F|g(X)| = E|E|Y|X]]. Then, We have

ElY] = EIEY]X],

+00
/ E|Y|x|fx(x)dx when X is contin

oo

Z E|Y|xglpx(xr) when X is discrete.

Lk
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e For continuous random variables,

BIEYIX] = [ EIYlifx(o)is

—|Ciooo +00
| untdyic(aas
_—Io—ooo _Oo—l—oo

/ Y fxy(z,y)dzdy

/+OO yfy(y)dy = EY].

@)

e The expected value of a function h(Y) of Y is

Graduate Institute of Communication Engineering, National Taipei University
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‘4.5 Multiple Random Variables'

o Let Xy, X5,..., X, be an n-dimensional vector random
variable.

e Joint cdf of X7, Xo, ..., X, is

FXl,XQ,,_,,Xn(acl,xg,...,a:n) p— P[Xl S $1,X2 S mg,...,Xn S acn]

e Joint cdf of Xl; XQ, co 7Xn—1 1S

Fx, x,,...x,_(x1,22,...,2n—1) = Fx; x,....x, (x1,T2, ..., Tn_1,00).

Graduate Institute of Communication Engineering, National Taipei University
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Example: Let event A be defined as follows:
A= {maX(Xl,XQ,Xg) S 5} .

Find the probability of A.
Sol: max (X, Xy, X3) <5 if and only if each of the three
numbers is less than 5; therefore

P[A] = PHX; <5}n{X, <5}n{X; <5}
Fy, x,.x5(5,5,5).

Graduate Institute of Communication Engineering, National Taipei University
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e Joint probability mass function of n discrete random
variables is

le,XQ,...,Xn (ajl,mZ, o o o ’:,En) p— P[Xl pu— $17X2 p— 332’ e ,Xn

e Probability of event A is
P[(X17 EA] Z ZCBGAle’XQ’ (mla '7567”6)7

where © = (x1,T2,...,Tn).

e Marginal pmf for X; is

Z YS‘ ZleXz, x, (1, .. x).

Lj—1 Tj+1

Graduate Institute of Communication Engineering, National Taipei University
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e Marginal pmf for X;, X5, ..., X,,_1 is

pX17X27--->Xn—1(x17 L2y .- 7$n—1) — E :le,Xz,--->Xn (xla s
Ln

Graduate Institute of Communication Engineering, National Taipei University
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e Conditional pmf is

e Tp) P, (T )P (1)

Graduate Institute of Communication Engineering, National Taipei University
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Example: A computer system receives message over three
communications lines. Let X; be the number of messages received on
line 5 in one hour. Suppose that the joint pmf of X7, X5, and X3 is
given by

PX1,X2,X5 (xlvx?vx?)) — (1 - a1)<1 - a2)<1 - a3)af1a:§2a§3

for xt1 > 0,29 > 0,23 > 0.

Find px, x,(z1,22) and px, (1) given that 0 < a; < 1.
Sol: The marginal pmf of X; and X5 is

Pxy,X5 (%1, 22) (1—-a1)(1—a2)(1—as) Y aj‘as*as?®

333:0

(1 —aq)(1 —az)ai*ay®.
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The pmf of X; is

Px, (:Cl)

Graduate Institute of Communication Engineering, National Taipei University
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e Random variables X;, X5, ..., X, are jointly continuous
random variables if the probability of any
n-dimensional event A is given by an n-dimensional
integral of a probability density function:

P{(X1.....X») € Al :/-.-/meAfxl,,,,,Xn(x;,...,

/

where fx, . x,(2],...,2]) is the joint probability

density function.

e Joint cdf of X is obtained from the joint pdf:

Fxy x5, %, (T1, 2,0, Ty

/ / fxyox, (xy, .., z)de’ ... dx).

Graduate Institute of Communication Engineering, National Taipei University
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e Joint pdf ( if the derivative exists) is given by

an

le,Xg,...,Xn ($1,$2, “e ,:Un) = FXl,XQ,---,Xn (ml,aig, c. ,ZUn).

8:131 . 8£Un

Graduate Institute of Communication Engineering, National Taipei University
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e The marginal pdf for a subset of random variables is
obtained by integrating the other variables out. For
example, the marginal pdf of X is

4+ o0 + o0
/ / / /
fxi(z1) =/ / fxi1. %o, x, (1,29, ..., 2,)dxy - - dx,,.
— o0 — o0

e The marginal pdf for X;,..., X,,_1 is given by

+oo
fxi o x, (21, ., xn_1,xy,)dT,,.
oo

fX1,...,Xn_1 (xl, .. 7;1}‘”_1) — /

Graduate Institute of Communication Engineering, National Taipei University
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e Conditional pdf is given by

oy Tnea) o fxo (o] ) fx, (1),

Graduate Institute of Communication Engineering, National Taipei University

64



Y. S. Han Multiple Random Variables

Example: The random variables X, X5, and X3 have the
joint Gaussian pdf:

6—(x%—|—x%—\/§a:1x2—l—%a:§)

2/
Find the marginal pdf of X; and Xj.
Sol: The marginal pdf for the pair X; and X3 is

le,Xz,X3(371,$27373) —

6_33%/2 +o0 6—(:c%+a:%—\/§:c1iv2)
Ty, T3) = ——o dxs.
fX1,X3( 1 3) \/ﬁ . 27/\/5 2

The above integral gives

e—a:%/Q e—a:%/Q

leaXB(:Cb:CS) — \/% \/% .

Graduate Institute of Communication Engineering, National Taipei University
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Therefore, X; and X3 are independent zero-mean,

unit-variance Gaussian random variables.

Graduate Institute of Communication Engineering, National Taipei University
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Independence

e X;,...,X, are independent if

P X:€A,...,X,€A,]=P|Xi€A]... PIX, €A,

, X, are independent if and only if

LX) = Fx,(x1) -+ Fx,(x,) Vaq,...,

e If the random variables are discrete, then the above

equation is equivalent to

pxl,...,Xn(%, ce ,l’n) — PXx;y (ml) . .an(a:n) Vai,...,

Graduate Institute of Communication Engineering, National Taipei University
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If the random variables are jointly continuous, then the
above equation is equivalent to

le,...,Xn(%, e ,l’n) — le ($1) e an(ZCn) V..., o

Graduate Institute of Communication Engineering, National Taipei University
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Example: The n samples X, Xo,...,X,, of a “white
noise” signal have joint pdf given by

e~ (@3++a2) /2
Xt X (@15 ) = 2y VT, T

It is clear that the above is the product of n
one-dimensional Gaussian pdf’s. Thus X;,...,X,, are
independent Gaussian random variables.

Graduate Institute of Communication Engineering, National Taipei University
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‘4.6 Functions of Several Random Variables.

One function of several random variables

e LLet Z be defined as a function of several random

variables:
[/ = g(Xl,Xz, Ce ,Xn)

e The cdf of 7 is
PlZ <z|=PR, ={x = (21,...,2,) : g(x) < 2}], and

Fz(Z) XER

/ / fxoox, (2, .. x)dey ... dr).
TR,

Graduate Institute of Communication Engineering, National Taipei University




Y. S. Han

Multiple Random Variables

e The pdf of Z is then found by taking the derivative of

Fr(2).

Graduate Institute of Communication Engineering, National Taipei University

71



Y. S. Han Multiple Random Variables

Example: Let Z = X +Y. Find Fz(z) and fz(z) in terms of the
joint pdf of X and Y.
Sol: The cdf of Z is

+0o0 z—x'
Fz(2) = / / fxvy (@', y")dy'da'.

The pdf of 7 is

+0o0
fZ(Z) — iFZ(Z) = / fX,Y(ZU/,Z — ZU’)CZZC/.

dz oo

If X and Y are independent random variables, then

—+00
fx (@) fy(z —2')dr’ — — convolution integral.
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Example: Find the pdf of the sum Z = X + Y of two zero-mean,
unit-variance Gaussian random variables with correlation coefficient

p=—1/2.
Sol: We have

+o00
fz(z2) / fxy (@', z—a")da'

— o0

+0oo
: / o) =2pa (z—a")+(2—2")%]/2(1—p%) 4,/

2m(1 = p?)2 )

]_ o0 7\ 2 / 2
—((@')2=a"242)/2(3/4) g
om(3/4)1/2 /_OO ¢ !

After completing the square of the argument in the exponent we have

—22/2
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Thus, the sum of two nonindependent Gaussian random variables is

also a Gaussian random variable.
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e Find pdf of a function from conditional pdf

+00
fz(zly' ) fy () dy’

— o0

Example: Let Z = X/Y. Find the pdf of Z if X and Y are
independent and both exponential distributed with mean one.
Sol: Assume Y =y, then Z = X/y is a scaled version of X.

Therefore

fz(zly) = lylfx (yzly).
The pdf of Z is

—+ o0
1 (0 2y) fy () dy' = / 1 fxy 2y dy.

— 00 —00

—+ 00

Since X and Y are independent and exponentially distributed with
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mean one, we have

fz(2) /0 v fx(y'2) fy (y)dy' z>0

o0 / /
/ yle—y ze—y dy/
0
1

- 0.
(1 n 2)2 z >
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Transformations of Random Variables

o Let X;,Xs,...,X, berandom variables.

e Let random variables 7y, Z,, ..., Z, be defined as

Z1291(X), ZQZQZ(X)7 B Zn:gn(X)

How to find the joint cdf and pdf of Z;,..., 2,7
Joint cdf of Z1,..., 7, is

= Plg1(X) < 21, gn(X) < 2]
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Example: Let random variables W and Z be defined as
W =min(X,Y) and Z = max(X,Y).

Find the joint cdf of W and Z in terms of the joint cdf of X and Y.
Sol:

Fw z(w,z) = P{min(X,Y) < w} N{max(X,Y) < z}|.
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If 2z < w, then
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pdf of Linear Transformations

e Consider the linear transformation of two random
variables:

V =aX +b0Y
W =cX +¢eY
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(x + dx, y + dy)

WT

(v+ adx + bdy, w + cdx + edy)

(v + bdy, w + edy)

7

(v+ adx, w + cdx)

e Rectangle — parallelogram

fxy(z,y)dedy ~ fyw(v,w)dP,
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where dP is the area of the parallelogram.

e The joint pdf of V and W is

fV,W(U7 w) — fX>Y(xa y)

dP
dxdy
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o dP/dxdy is called “Stretch factor.” It can be shown
dP = (|ae — be|)dzdy, so

dP lae — be|(dzdy)
dxdy ‘ dxdy jae = be| = |A],

where |A| is the determinant of A.

e Let the n-dimensional vector Z be

Z =AX, where A is an n X n invertable matrix.

e The joint pdf of Z is then

fz(z) =
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Example: Let X and Y be the jointly Gaussian random variables
with the pdf

X,Y ’y

Let V and W be obtained from (X,Y) by

V 1 1 1 X

W V2 | -1 1 Y

Find the joint pdf of V' and W.
Sol: |A|=1 and the inverse mapping is given by
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Hence, X = (V —W)/v2 and Y = (V + W)/+/2. Therefore, the joint
pdf of V and W is

fvw(v,w) = fxy (

The argument of the exponent becomes

(v —w)*/2 = 2p(v —w) (v +w)/2 + (v + w)*/2
2(1 = p?)

v? w?

2 +p)  200—p)

1

_ —{[v? /20 4p) 1w /21— p)])
fvwlv,0) = ooq— i '

Therefore, V' and W are independent.
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pdf of General Transformations

e Let V and W be defined by two nonlinear functions of
X and Y:

V=g(X,)Y) and W =g (X,Y)

e Assume that gi(z,y) and go(x,y) are invertible, that is,

r = hy(v,w) and y = ha(v,w)

e The approximation is

9,
gr(z +dx,y) = gu(z,y) + %gk(l}y)dz k=1,2.
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The probability of the infinitesimal rectangle and the
parallelogram are approximately equal

fX,Y(% y)d:z:dy — fV,W(Ua w)dP

Frw (v, w) = Ixy(hi(v,w), ha(v,w))

Pl |
dxdy

where dP is the area of the parallelogram.
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(g(x + dx,y + dy), gk + dx,y + dy)

(g(x, ¥y + dy),
g,(x, y + dy))

 (g,(x + dx, y), go(x + dx, y)
(g:(x, ¥), &, ¥)

Graduate Institute of Communication Engineering, National Taipei University

91



Y. S. Han

Multiple Random Variables

W &

(v+ aai}- dy,w + a-ﬁdy}

\

d

Graduate Institute of Communication Engineering, National Taipei University

92



Y. S. Han Multiple Random Variables

e Stretch factor — Jacobian of the transformation:

ov

_ dx Oy
j(SE’ y) = det ow  Ow

oxr Oy

e Jacobian of the inverse transformation is given by

ox Ox

_ v  Ow
J(v,w) = det by Oy
ov Ow

e It can be shown that

1
T (z,y)|

T (v, w)| =
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e Joint pdf of V and W is then

fX,Y(h1(U, w), hao(v,w))
T (2, y)]
fxy (hi(v, w), ho(v, w))|T (v, w)|.

fV,W(Ua ’LU)
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Example: Let X and Y be zero-mean, unit-variance independent
Gaussian random variables. Find the joint pdf of V' and W defined by

V = (X2—|—Y2)1/2
W = Z(X,Y),

where /60 denotes the angle in the range (0, 27) that is defined by the
point (x,y).

Sol: Changing from Cartesian to polar coordinates. The inverse

transformation is given by
r=vcosw and y=vsinw.

The Jacobian is given by

COSwW —vSinw

SInwWw vV COoSwW
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fV,W (,07 w) %6_[1)2 cos?(w)4v? sin®(w)]/2

—e 0<v,0<w< 2.
2T

The pdf of a Rayleigh random variable is given by

fv(v) = ve /2y >0

Therefore, radius V' and angle W are independent random variables
and

V. Rayleigh random variable;

W: uniformly distributed (0, 27).
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4.7 Expected Value of Functions of Random Variablqs

e The expected value of Z = ¢(X,Y) is given by

f_Jr;o f_JF;O g(x,y)fxv(z,y)dxdy X,Y are jointly continuous

E[Z] =
> 9(Ti, yn)px,y (Ti, Yn) X,Y are discrete

Example: Let 7 = X +Y. Find E|Z].
Sol:

E|[Z] E[X +Y]

+o0 +oo
/ / (" + ") fxy (@, y)de'dy

+o0 oo oo oo
/ / :U’fx,y(fv’,y')dw'dy'+/ / v fx,y(x',y)dddy’
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+o0 +oo
— / z' fx(z')dz' +/ y' fy(y')dy" = E[X] + E[Y].

— 00 — 00

e Expected value of a sum of n random variables is

EXi+Xo+--+ X, =E[X{|+ E[X5]+---+ E[X,].
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Example: Suppose that X and Y are independent
random variables, and let g(X,Y) = ¢1(X)g2(Y). Show
that Elg(X,Y)] = Elg:1(X)g2(Y)] = Elg1(X)]Elg2(X)].
Sol:

+o0 +o0
Elg: (X)g(X)] / / 91 ()92 (') fx () f (' )dee'dy

L ae@msew H [ ww)iwa |

Elg1(X)]E[g2(X)].

In general, if X;,...,X,, are independent random
variables, then

Elg1(X1)g2(X2) - - - gn(Xn)] = E[g1(X1)]E[g2(X2)] - - - E[gn(Xn)]-
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Correlation and Covariance of Two Random
Variables

e Joint moment of X and Y is

E[X'YF] = {

f_Jr;o fj;o ijykfX,Y(CU,y)d:Udy X, Y jointly continuous
Zi Zn wfyﬁpx,y(xi, yn) X, Y discrete

If 7 =0, then we obtain moments of Y, and if £ = 0,
then we obtain the moments of X.

Correlation of X and Y is defined as F|XY|.
If E[XY] =0, then X and Y are orthogonal.

The jkth central moment of X and Y is defined as
E[(X — E[X])(Y — E[Y])"].
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e Covariance of X and Y is defined as the j =k =1

central moment:

COV(X,Y) = E[(X — E[X]))(Y — E[Y])].

COV(X,Y)
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Example: Let X and Y be independent random variables.
Find their covariance.

COV(X,Y)

Pairs of independent random variables have covariance

Z€T0.
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e Correlation Coeflicient of X and Y
COV(X,Y) E|XY]| - FEX|E|Y]

PXY — ;
Ox0y Ox0y

where ox = /VAR(X) and oy = \/VAR(Y).

e pxy Is at most 1 in magnitude, that is,

—1<pxy <1

This result is from the fact that the expected value of
the square of a random variable is nonnegative:

)

1+ 2,0X,Y —+ 1 = 2(1 + ,OX,Y)-
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e The extreme values of pxy are achieved when X and Y
are related linearly, Y = a X + b:

1 a > 0
PXY —
—1 a<0

e X Y are said to be uncorrelated i pxy =0

X, Y are independent — X, Y are uncorrelated
X, Y are uncorrelated NoT X, Y are independent

X, Y are uncorrelated jointly Gaussian — X, Y are independent
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Example: Let © be uniformly distributed in the interval

(0,2m). Let

X =cos® and Y = sin ©.
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- — — —
(cos 8, sin 6)

1

|
|
|
|
e o
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X and Y are dependent.

1 2m
E[XY] F[sin© cos O] = . /o sin ¢ cos ¢d¢

1 2T
— / sin 2¢dg = 0.
A/,

Since F|X| = E[Y] =0, it implies that X and Y are

uncorrelated.
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Example: Let X and Y be random variables with

2e7 e O0<y<r <

fX,Y(xv y) — {

0 elsewhere.

Find F[XY], COV(X)Y), and pxy.

Sol: First, find the mean, variance, and correlation of X
and Y. We have E|X| =3/2, VAR|X| =5/4, E[Y]| =1/2
and VAR|Y] = 1/4. The correlation of X and Y is

FE|XY] /o /o ry2e e Ydydx

/ 2ee” (1 —e* —xe )dr = 1.
0
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Thus, the correlation coefficient is given by

_ 31 1

PX)Y = 2L =
4\ 4
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4.8 Jointly Gaussian Random Variables'

e X and Y are said to be jointly Gaussian if the joint pdf
has the form

fxv(z,y)

2
N

2m0o102 \/1 — pg(,y
e Bell shape

e Equal-pdtf contour

Graduate Institute of Communication Engineering, National Taipei University

110



Y. S. Han Multiple Random Variables 111

e Marginal pdfs of X and Y are

e—(w—m1)2/20% e—(y—m2)2/20§

\V2Too

fX(x) — \/%0_1 fY(y) —
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e The conditional pdf fx(x|y) (fy(y|z)) is

fx(zly) = fX}f,g’)y)
eXp{ _21 > [x_px’yg_;(y_m2)_ml}2}

2(1=p%x y)oi

V2ot (1= Pk y)

e Conditional mean is m; + pxy(01/02)(y — ms) and
conditional variance of(1 — px y ).

e Show that pxy is the correlation coeflicient between X
and Y.

Sol: We have
COV(X,Y)
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= BIE[X —my)(Y —my)|Y]].

The conditional expectation of (X — mq)(Y — my)
given Y =y is

E[(X —m1)(Y —m2)|Y =y (y —=m2) E[X —m|Y =y
(y —m2) (EX|Y = y] —m)

(y — m2) (PX,YE(?J — m2)) :

02

Therefore,

E[(X —m)(Y —mg)|Y] = 'OX’Y(;_2(Y — mg)?

and
COV(X,Y) E[E[(X — m1)(Y — m2)|Y]] = px.y L E[(Y — m2)?]

02
PX,YO0102.
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n jointly GGaussian Random Variables

o X, X5, ...,X, are jointly Gaussian if the pdf is given

le,X2,...,Xn($17 L2y .- 7$n)
exp{—3(x —m) Kz —m)}
(2r) K] 7 |

where x and m are column vectors defined by

mq

%
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and K is the covariance matrix that is defined by

VAR(X:)  COV(X1,Xs) --- COV(Xi,X»)
COV(Xs2,X1)  VAR(X2) - COV(Xa, X,)

| COV(X,, X1) - VAR(X,,)
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Example: Verity the two-dimensional Gaussian pdf.

Sol: The covariance matrix is

2
01 PX Y0102

2
| PX, Y0102 05

K

2
1 09 —pPx Y0109
K1 |

2 2 2
o1o3(1 — IOX,Y) —PX Y0109 O'%

The term in the exponential is

2
1 02 —pPX, Y0102 T —mi
2 2(1_ 2 )[:U—ml,y—mg] 5
0102 Px,y —PX Y0102 o1 Y — M2

_ ((z=m1)/01)* = 2px,v ((z — m1)/01)((y — m2)/02) + ((y — m2)/02)"
(1 - P%{,Y)
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Linear Transformation of Gaussian Random
Variables

o Let X = (X1,...,X,) be jointly Gaussian, and

Y — AX,
where A is an n X n invertible matrix.
e The pdf of Y is

_ fx(ATy)

exp {—4(A "y —m) KAy —m)}

(2m)"/2 A K|/
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Since

(A™'y —m) = A7 (y — Am)

and
(A7 y —m)" = (y—Am) A",
the argument of the exponential is
(y—Am) " A" K" A T (y—Am) = (y— Am)" (AKA") " (y — Am).

Let C = AKA! n = Am. Noting that
det(C) = det(AK AT) = det(A)? det(K) and we have

o—(1/2)(Y-1)TC-H(Yy-n)
fY(y) o (271_)“/2‘0’1/2

Therefore, Y are jointly Gaussian with mean n and
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covariance C';

n=Am and C=AKA".

It is possible to transform a vector of jointly Gaussian
random variables into a vector of independent (Gaussian

random variables since it is always possible to find a
matrix A such that AKA? = A, where A is a diagonal

matrix, due to the symmetry of A.
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