The Appendix of the paper “Should the Landlord Port Authority
Negotiate Concession Contracts with Terminal Operators?”

Proof of Lemma 1: Given that the proofs mirror those presented by Liu et al. (2018), they have been
omitted.

Proof of Proposition 1:

Under ¢, =¢, =¢ and U, =U, =U , we have 6, =6, =%7°>0, and equilibrium cargo-handling
a—-r—c

amounts of operators 1 and 2 are g =¢, =45 for 5 c[0,5,] and 47 = ¢ =5 for 6€(5,75) by

Lemma 1. Consequently, we can deduce the solutions to the problem outlined in (7) based on the
following two scenarios. In both instances, our attention will be directed towards cases where

7' >U and R' >R hold, as w - o impliedby 7' =U or R’ =R is not deemed noteworthy.
a-r—c¢ r_ 1 _( TV _ ,__T

TR 7, =7, —(q ) f=rm and
R =2rq" +2f by Lemma 1. Accordingly, the problem in (7) becomes

Case 1: Suppose 6 €[0,8,]. We then have ¢/ =¢] =¢" =

maxrzo,_/‘zo, 520 W = [R _ E](l—ﬂl *ﬂz)[ﬂ.T _ g]ﬂl [7z'T _ (_]]ﬂz

st. 050<68, 0<r<7r, f>0, 7' >U and r(q +q¢3)+2f =R. (A1)

The Lagrange function associated with the problem in (A1) is

(1=-$-5,)

[2rq +2f - R] [ -u]"[2"-U]" +4(5-05)
+2, (7 —r)+/”t3(7r —_)+ﬁ4[2qu+2f—I_2:|

b

where 4, 4,, 4 and A, are respective Lagrange multipliers associated with the five inequality

constraints in (A1) except for >0, f >0 and 62>0. The corresponding Kuhn-Tucker conditions
are as follows.
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(A8)
where D ={[R-RI" """ [z] U, 1 "[x] -U,1 "} >0.

Since we focus on the cases of z” > U and R> R, we have ﬂ; =/1: =0 by (A7)-(A8) and
2, =0 in (A6) by r <7 . Conversely, if 4 >0, then (A5) implies 57 = 5, > 0, and thus A =0 by

(A4), resulting in a contradiction. Hence, we conclude 31* =0. Consequently, the conditions in (A2)-
(A3) are transformed into

oL OR oL
P {(l B - ﬂz)g[ _] —2 [R- R]I:ﬁ —U] +ﬂ2)}§0,r-5=0 and

+b
oL oL
—=D. {2(1 B-p)[# U] -[R-R][" -U](8 +ﬂ2)} 0, f-—=0,
4 o
Then, there are four sub-cases based on whether Z—Jf and 6_L are equal zero, as outlined below.
r

oL .
Case 1a: Suppose oL _ 0 and —=0. Since oL _ 0, we have
of or o

21- - B[ -U] =[r ~R|{B[#" -U]+B[x"~U]} by (A3). Substituting it into L _0in

or
(A2) yields (1-p, —ﬁz)[nT —QT {Z—I:—%}zo. This then implies
2(1—ﬂ1—ﬂz)[b(a—c)—2(1+b)r:|[”T_U]z =0, and thus " = bla=c) >0. At 7", the

2(1+0)

2
operators’ profit is 7" = (qT )2 - f= %— /f and the port authority’s fee revenue equals
4(1+5b

(2+b)2



Zb(a - 0)2

R= ’—+2f . Substituting them into oL _ 0 in (A3) yields
4(1+0) of

fT:[ (l+b)(ﬂl+ﬂ2)]( )_( ~B=B)U+= (ﬁ1+ﬁ2)R and(AS)andﬂ1 =0 imply

(1+b)
"e wi _ (a=c) ", f7), wehave ¢” = (a=c) an
5" €[0,6,] with 51_2(1”)). At (', "), we have ¢ 20+0) d
T )2 T | TP )\a—¢ ’ 1
4 :(q ) -/ :(ﬂ +4If11-(b) ) +(1_181_ﬂ2) E(ﬂfﬂ@)@

We still need to verify whether all the constraints specified in (A1) are satisfied. Upon
performing some calculations, we obtain

r (2+b)(a—c)

F-r =————=>0;

2(1+0)

>0 if ﬂl+ﬂzﬁﬁ and (_]<(_]’,orifﬂl+,32>ﬁ,(_]<(_]’,and

>[(1+b)(ﬂ1+ﬂ2 ~1](a-c)" A9)
S 2)(Brs)

(BB a=c) 1 : (a=c)
r -U= 4(1+0) (B +5,)U 2(ﬁ1+ﬂ2)R>01ff U<U" and R<2(l+b)’ (A10)
r g (=B=-Pa=e) : (ac)
R —R= 2(1+b) 2(1 B ,BZ)Q (1 B - ,BQ)R>01fo<U andR<2(1+b),

(A11)

where

Q!EI: (1+b)(ﬁ1+ﬂ2)]( ) + (ﬂ1+ﬂ2)B and g"E(a_c) _ljj. (A12)

41+b) (1-p=5)  20-5=F.) 4(1+d) 2

Comparing U’ and U " in (A12) results in

” ! b( ) B 1 b(a_c)2

-U'= - >(<)0 iff R<(>) —%-. Al3
i 4(14b) (1=~ ) 20-p-5) B<(>)2(1+b)2 (A1

Furthermore, comparing the three thresholds of R yields

[(+0)(Bi+fo)=1](a=c)" _bla=c) (a=c) (Al4)
2(1+0) (B, + ) 2(1+b)  2(1+b)




Based on (A13)-(A14), we have f* >0, 7' >U and R" >R implied by (A9)-(A11) if

max{O, [(1+b)(ﬁl +'82)_1:|(a_c)2}<1_€£b(a—c)21 and U <U’;

2(1+b) (B +5,) 2(1+b)
or b(a—c)2<R<(a—c)2 and U <U". (A15)
2(1+6)"  — 2(1+b)

Given the conditions outlined in (A15), the optimal contract is the two-part tariff scheme denoted by

T :{ﬂ _ Z;((T;;)),y e{(),zz’l_cb)}fr _ [2—2(1+b;((ﬁz)€z)}(a—6) (1-5 _:Bz)(_]Jr%(ﬂl L 8RN ALS)

with the net payoffs of the operators and the port authority being

gy Brp)a=c) 1
(- -U)= 4(1+b) (ﬂl""ﬂz)g 2(181+ﬁ2)5 and

2

(R' —R) = (l_ﬂlz_(lﬁi)lf)a_c) —2(1- - B)U ~(1- B, - B,) R, respectively.

oL

Case 1b: Suppose oL <0 and —=0.
of or

Since Z—ij<0, we have f7 =0 by (A3). At /7 =0, (A2) and g—L:O imply
r

2q" R-R
(1-4 _ﬁz)g_f[”T —U]— a5 ;fzb)[ R] =0. This, in turn, implies 7 €arg{H =0},

where

H

(l‘ﬁl—ﬂz)r(zf)jW]{(QT)Z—l_f}—qu(ﬂIZfzb)[R‘B] with

ol e

OH _ 1
& (A ﬂz){ (2+b) (2+b)

_2(ﬂ1+ﬁ2) _2qu_1_e+2qT[(2+b)qT_,,}
2+b 2+b 2+b .
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We still need to verify whether " >0 and Z—L < 0 hold, as well as whether all the other

constraints in (A1) are satisfied. First, let’s examine »* > 0. Upon some calculations, we find H >0

and 2L _ o at r=0if U<U">and H=0and 2% ¢ at r=+" > where

or or

" (a—c)2
U"= P (A17)

These findings subsequently imply 7' >0 if U<U" .

Second, we examine Z—L < 0. As demonstrated in (A3), we have
oL
& =pfa0-p- g U -[R-R|[#" U (5 + 1)

of
=D~[7zf—(_f]{2(1—ﬁ1 B =" U |-[R- ](ﬂ1+ﬁ2)},whichimplies Z—;<Oiff

[ ]<04 or {2(1 B - ﬁz[ ] [R-R] ﬂ1+ﬂ2)}<0,butnotboth. Suppose
{2(1 B - l;_]] [R-R](B + )}<0 and [ﬂT—Q]>O hold. Since Z—fzo,wehave

l_]}[R— g]zﬂ(l 5 ﬂz)g_f[((/)z ~U||(¢") ~u|. Substituting it into (A3) yields

(B +5. )[(qf)z -

=% > H=2(1—ﬁ,—ﬂz)qr[(qr)z—g]+w>o if (qT) >U, and

or (2+b)

o M[(q) _U]_ 4(-p-p)(q") _2(,51 +ﬁz)[2(2+b)(qr)z +£] o (qr)z U

(2+b) (2+b)2

2
Furthermore, (qr) >U holds ifand only if U <U".

3This is because # = 0 at r=7r" by definition, thereby implying

o 4(2+0)(1-8 —ﬂz)[(q,)z —U]—4(ﬁ‘ +p)d [(2+0)g’ =] (1-5 —ﬂz)[2(2+b)qr—2/][(qr)z +U:|<0.

(2+b) (2+b) ¢

or (2+b)

The proofs are available upon request.

4Considering [7:' -U ] < 0 here involves discussing the situation not at equilibria. However, we will still verify

[zr' —Q] >0 at equilibria.



2
oL _ (-4 ):32 {(q ) (_]:| [2(1+b)r—b(a—cﬂ<0 if r <249 However, we still need to show

o (2+b 2(1+b) *
r’ < b((“ lf) as follows. By (qT ) >U and ¢’ = (azib’) , subsequent calculations result in

oH _ [@—A—&NWf%ﬁﬂf;AU—A—ﬂﬁQ_%A+ﬂﬁE

== (2+b)2 (2+5) (2+b)2
A=A+ ) ] 2(p4p)R
(2+b)2 (2+b)2

Thus, we have O 0 if r< gi;:;; On the other hand, we have H >0 at » =0 as shown in footnote

7

2(1+b)

2 by (qT) >U,and H <0 at r =22 iff U > U’ defined in (A12).> Since H=0 at r =7", we

must have ' < 1;((¢Iz+;)) if U>U'" and ( T)2 >U . These, in turn, imply Z—]l;<0 if U>U" and

(4) >U.
Alternatively, supposing I:/Z'T -U ] <0 and

{2(1 - B —ﬁz)[ﬂT —l_]] -[R-R](B + 5, )} >0 hold. Under these conditions, we have
(a—c—rT)[(l—ﬂl—ﬂz)(a—c)—[1+(1+b)(ﬁl +5,)]7 }
(2+5)
<[1—(1+b)(ﬁ1+ﬁ2)](a—c)

4(1+b)
20-p-p)[ 7" -U]-[R-R](B+5,)}
) 2a—c-r )[(1 B—PB,)(a—c)- [1+(1+b)(ﬂ1+/32)]rf}

(2+b)2 _2(1_ﬂ1_ﬂ2)g+(ﬁ1+ﬂ2)1j . These

f< (1 B - ﬂz)U+ (ﬂ1+ﬂ2)

—(1- - ,BZ)U+ (/31+,B2)R by

suggest that the conditions for [ﬂ'T -U J < 0 are equivalent to those for [R —B] <0 because

b(a—c)

5When r = 2055)

r_ a-c _b(a—c)2 B 2(2+b)qr—2r 2 2qr(ﬂl+ﬂ2)[R—B]
, we have ¢ “3(1+5) R_2(1+b)2 and H—(l—ﬁl—ﬂz){m}[(q ) _g}_ o

‘(1+(Z)(§)+b){[l Hbzﬁfbﬂf)]( o Z(I‘ﬁl—ﬂz)m(ﬁl+/32)R}<(>)0 iff

U>(<)[1 (1+0)(4+4) ](« _C)h+ (A+5:)R =y’ . This implies H <0 at r = 2((1+b) iff u-u'.

( )(1 :Bl ﬂz) 2(1—,31—ﬂ2)




(205~ p)[ =" ~UJ-[R-E)(A+£)} >0 and (6+ ) R-K]=320-A~p) 5 (a7) ~U]

by Z—L = 0. Furthermore, we have

"
2rT(a—c—rT)
[R-&]= (2+b) v2-R
2" (a—c—r") Z(a—c—rT)[(l Bi-B)(a—c)- [1+(1+b)(,81+ﬂ2)]rq
< (2+b) + ( b) _Z(I_ﬂl_ﬂ2)l_]+(ﬁl+ﬂ2)1j_£
:2(1_ﬂ1_ﬂ2)( )Ea ‘ 1+b r] 21 ﬂl_ﬁz)g_(l_ﬂl_ﬂZ)B
(2+b)
(=A=B)a=<) 0 o s (1 - . (a=c) .
< 2(14b) 20-4-p,)U—-(1-B,-B,)R<0 iff U>U and]j<2(1+b),or iff
>(a—c) These consequently imply 8_L<0 if U>U" and R<( c)z or ifR>(a_c)2
T 2(1+b) of 2(1+5) T 2(1+b)

Third, to ensure consistency between conditions U >U’ and U <U", we must have U' <U" .
Subsequent calculations yield

U_u— (a—c)2 [_1)(4+3b)—b2(1+b)(,81 +'B2)]+ (B+P,)R <5)0

4(14b) (24b) (1= 8- ,) 2(1- - 5,)

b(a—c) [(4+3b)+b(1+b) (B +5)]
2(1+b) (2+b) (B +5,) '

iff R<(>)

Furthermore, we can obtain

bla=c) (a=e) bla=c)[(4+30)+b(1+b)(5+5,)]
2(1+b)°  2(1+D) 2(1+b) (2+b) (B, + ) '

b(a—c)
2(1+b) °

Fourth, we verify whether all the constraints specified in (A1) are met. Given r’ < we

bla=c)_(2+b)(a=c)
2(1+b) 2(1+b)

have 7 —r! >7— > 0. On the other hand, as shown in footnote 2, we have

T >U ifand only if U<U" . Furthermore, since

Hz(l_ﬂl_ﬂz){z(zﬂz)f;_zq[(f)z_Q} (ﬂlzfzb)[ L [(qf)z_(_j}o,




i {2(2#;)5—2#]:2(a—2irl:—c) 20 by 2(a—2ir;—c) >(1+2§;;(—2¢+)b) >0 and 7 <200 e
have 24 (A ;f 2}))[ ]>o This, in turn, implies R > R if 7 exists.
Consequently, under the conditions of
min (U <U <U” and R< b(a—c) [(4+3b)+b(1+b)(B +5,)] | AlS)

2(1+b) (2+5) (B+ )
the optimal contract is the unit-fee scheme denoted by

rrearg{z(lﬁlﬂz)(aQrC)[(arc)zU}Z(ﬂlJrﬂz)(arc){Zr(arc)R}:O},éqe[o’a o } e 0}

U'=
2+b (2+b)2 (2+b)2 2+b 2—

(A19)

As we lack the analytical solution for ", we’re unable to determine the net payoffs of operators and
the port authority as seen in Case 1a.

Case 1c: Suppose aL _ =0 and oL <0. Since oL <0, we have " =0. Substituting it into oL =0
of or or of
1-(p + a—c)
results in f7 = [ ('Bl b )]2( ) —( -5 ﬂz)U+ (,Bl +,BZ)R Substituting " into oL
(2+b) or
oL OR 4q 2b(a— c) .
1elds —=(1- - > 0. This
y (-8 -B)|[=" - ]{6,, 2+b} 2oy (-g-p)[x" -UT
.. OL . C e .
contradicts — < 0, thus there is no solution in this scenario.
r
oL
Case 1d: Suppose 8_L<0 and 6_<0 Both 8_L<0 and — <0 imply ' =0 and f" =0,
of or of or

consequently, no meaningful solution exists.

r—c
.Wehave ¢/ =¢! =7,
2+ b q, =49,

Case 2: Suppose J e (51, Lj with 6, = a
1+b

nl =n! ={5[a—(1+b)5—c—r]—f}z7zT and R=2ro+2f by Lemma 1. Hence, the issue in

equation (7) transforms into

Max, .o 150 550 W =[R— R Pz" —uP =" -U)”

s.t.51<5<£,09<7,f20,;ﬂzgand 2r+2f>R. (A20)
+

The Lagrange function associated with this problem is

8



-B-P)[ _T Ar 1 B a
[2r6+2f - R] 7" -Uu|'[#"-U] +/11(5—51)+/12(m—5)

b

L=
+2,(F=r)+ A, (7" ~U)+ A [2r6 + 21 - R]

where A4, 4,, 4, 4, and A are respective Lagrange multipliers associated with the five inequality

constraints in (A20) except for >0 and f >0. The corresponding Kuhn-Tucker conditions are as
follows.

o |D20-A-p)o[x-UT ~(A+£,) o[ R-R][7~U]| .
P 1 24" 2(a—2r)—(c +c ) SO’F.EZO’
TR A T Y 2+b %

oL

S =108 UT (8 + ) [R-ETe U]}~ + 2| <0. 1 20,

o

oL D'{(l_ﬂl_ﬂz)g_g[ﬂ-—l—_]]z+(ﬂ1+ﬂ2)%[R_B:|[”_Q]} oL
o=~
+2, =+ a=2(1+b)5 —r—c |4y +2rA

oL _s [a—r+bcl—2c2}20,ﬂ1.8_L=O,

o4, |24b  4-D 04
a_L:L_gzo,%.a_LZO,

ok, 1+b 04,
a_sz_rzo,ﬂa.a_L:O_

oA o4,

AL _y»0,2,-2L 20, and
o4, oA,

a—L=25r+2f—1_320, ﬂﬂs'a_L:O’
oA oA

5 5

where D = {[R — R AT _Q]fufﬂrﬁz)} 50,

As previously mentioned, we establish /1: = /15* =0 by considering the cases of 7' >U and

R > R . Additionally, the constraints of 6, <6 < ﬁ and 0<r <7 imply /?1* = ﬂ; = /1; =0.
+

L
Consequently, the signs of > and oL are the same, given that
r

g—f=D~5{2(l—ﬂ1—ﬂz)[ﬂ—l_f]z—(ﬂﬁﬂz)[R—B][”‘Q]}’



D204~ A w=UT ~( + ) [R-R][x-U]},

2
and oL _ O — oL These imply oL <0 iff oL <0 by >0, thus »" = f7 =0. Given that, this case is
o o or of
e . . . oL oL
not intriguing, so we shift our attention to the scenario of — =— =0. Therefore, we have

or

{2(1 -p - ﬂz)[ al — _J ( B+ B, )[ ]} 0. Substituting it into 2—2 =0 results in

oL OR _0

%:(l_ﬁl ﬁz)[” - ]{5 2%} 2(1-48 - ,32)[7[ - }{a—2(1+b)5—c}=0,hence
S5 :2?1:-b)>0 Then, substituting 5" into Z—;—O yields

» [1=(B+8)](a=c) (a=c)r’

/= 4(1+0) T 2(1+b) ~(1=A-£)U+ (ﬂ1+ﬂ2)

with

TS . T<(1_ﬂ1_ﬂ2)(a_c) 2(1+b)( IB 182) +(1+b)(ﬂ1+ﬂ2)
720 2 (a—c) - (a—c)

We need to verify whether all the other constraints in (A20) are satisfied. Initially, we must

. a . oy .. b(a-c
ensure that the constraint , <&’ <—— is met, necessitating the condition " > M 6
1+b 2(1+b)

R. (A21)

Conversely, f7 >0 imposes an upper limit on »” . Therefore, we need to access the compatibility

between these two conditions presented below. Through some calculations, we find that

(1--B)a=c) 20+b)(1-A-5),, (+5)(B+£.) ,_bla=c)
2 (a—c) - (a—c) - 2(l+b)

_ [1-(1+8)(B,+ B,) [(a—c) +2(1+b) (B, + B,) R-4(1+b) (1- B - B,)U

0iff U<U’
2(1+5)(a—c) SoEsE

where U’ is defined in (A12) with

(a—c)b

6 .. T . . a—c—rT
The condition of 6, < 6" is equivalent to < A= 20h) -

2+b

(l+h) a consequence of I" >

10



[(1+8)(B+B,)-1](a—c)

, . 1 . 1
U'>0if ﬂ1+ﬂ2£m,orlf b+ 5, >mandl_€> 2(1+b)2(ﬂ1+/32) (A22)
Next, we verify 7" >U and R" > R . After some calculations, it is evident that
qT _s5T = (a_c)
2(1+b)°
T r T T T (ﬂ1+ﬂz) a_c)z 1
7' =[a—(1+b)8" —1" 6" - f" = 4(1+(b) +(1=A-£)U- (B + 1R,
r_y BrB)a=c) 1
' -U= 4(14D) (B +p5,)U 2([31+ﬂ2)R and
i (=B=Ba=c)
R -R= 2(1+b) 2(0=-4-B,)U~(1-5-5)R
Therefore, as in (A10) and (A11), we have 7' >U and R" >R iff U<U" and R < (2£zl_+cl)))
Third, we verify » <7 . Calculations indicate
F_FT>7_{<1—ﬂ1—ﬂ»(a—c)_z(“b)(l—/z—ﬂ2>g+<l+b></z+ﬂz> B}
2 (a—c) (a—c)
N1+ B+ B,)(a=c) (1+b)(1 B - ,32) (1+b)(ﬂl+/5’2)R
B 2 (a—c) - (a=c) ~
(1+A+B)(a-c) 20+0)(1-A-F,)  (1+b)(Bi+5) (a-c)
> + U- X
2 (a—c) = (a—c) 2(1+b)
_Jla=q) 2(1+D)(1-A-5)
_{ e =L (A23)
(a=c)
by &< 2(1+b)

As in Case 1a, it follows that (A14) implies that (A10), (A11), (A22) and (A23) will be held

when (A15) holds. Therefore, under (A15), the constraints of 8, <" < % ,0<r<7, 7" >U and
+

R" > R will be satisfied. Consequently, under the conditions specified in (A15), (A21) suggests two

11



potential optimal contracts. The first optimal contract is the two-part tariff scheme represented by

rTE[b(a—c) (l—ﬂl—ﬁz)(a—c)z—4(1+b)(1—,81—ﬁz)g+2(1+b)(,6’l+ﬂ2)£J s __ae
2(1+b)’ 2(a—c) I (E

T? =

fr= [1_(ﬂ1 +ﬂ2)}(a—c)2 _2(a—c)rT

1
4(1+b) —(1—[)’1—ﬂ2)g+5(ﬁ1+/f2)g

(A24)
The second potential optimal contract is the unit-fee scheme indicated by

o :{rT _(=A=B)(a=c) 204b)(1=5=5,),, (1+D)(f+1)

2 (a—c) = (a—c)

T _ a—c¢ T _
BT =5 _0}.(A25)

Regardless of the two-part tariff or unit-fee contract offered, the equilibrium output and profit of the

a=c_ (BB (a=c)
2(1+b) 4(1+b)

operators are +(1-8,-,)U - % (S, + B,) R, and the port authority’s

equilibrium fee revenue equals

(1-B-B)(a=c)
2(1+b)

R=2r6"+2f7 = —2(1=4-B)U+(B +5)R.

To summarize, the optimal contract is the two-part tariff scheme T' in (A16) under the
conditions (A15), as demonstrated by Case la. Additionally, it’s the unit-fee scheme U' in (A19)
under the conditions (A18), as shown by Case 1b. Furthermore, the two-part tariff scheme 77 in

(A24) under conditions (A15) is depicted by Case 2, and the unit-fee scheme U’ in (A25) under
conditions (A15) is shown by Case 2 as well.

Finally, we’ll represent the conditions provided in (A15) and (A18) in terms of the model’s

m

parameters, a, b,c, B, f,,U and R, as follows. Initially, comparing U', U" and U" , defined in

(A12) and (A17) respectively, results in

bz(a—c)2

U'<U"<U"if R< T
2(1+b)(2+b)

2 2 2
U'<U"<U" if b(a=c) <R<M and

2(1+6)(2+b)  — 2(1+b)
U eU <U” if b(a—c)j <X b(a—c)z[(4+23b)+b§1+b)(,81+,Bz)].
2(1+5) 2(1+5) (2+5) (B +5,)

12



[(1+b ﬁl+ﬂ2 1](a c bz(a—c)2
2(1+6) (B, +5,) 2(146)(2+5)"
b(a-c) (a-c) o b(a—c) [(4+3b)+b(1+b) (B +15,)]

Then, comparing the five critical values of R,

2 o P 3 yields
2(1+b)"  2(1+0) 2(1+b) (2+b) (B +5,)
b’ (a—c)2 § b(a—c)2 y (a—c)2 <b(a—c)2 [(4+3b)+b(1+b)(ﬂ1 +,82)]
21+b)(2+b) 2040 214B) T 2(1+6) (240) (B4 4)
b(4 +3b)
for 0<ﬂ1+ﬂ2<m;
bZ(a—c)2 <b(a—c)2<b(a—c)z[(4+3b)+b(l+b)(ﬂl+ﬂ2)]<(a_c)2
2(1+b)(2+b)"  2(1+bY 2(1+b) (2+b) (B + ) 2(1+b)
b(4 +3b) 1
for = 1+ p) <Pty

[(1+b)(ﬂl+ﬂ2)—1](a—c)2< pla-cf _bla=e] _bla- )[(4+3b)+b(1+b)(ﬁl+ﬂ2ﬂ _(a—cf

2146 (B+5,)  2(1+b)(2+b) 2(1+b)2< 2(1+b) (2+b) (B +5,) i)

2

(2+b)

1
for —=< B +4,<
b7 T 4(14p)

; and

b (acf [(1+b)(ﬂ1+ﬂ2) }( )<b(a—c)2<b( )[(4+3b)+b(1+b)(ﬂl+ﬂ2ﬂ (a_c)z

2(1+b)(2+b) 2(1+6) (B +15,) 2(1+b) 2(1+) (2+5) (B +5,) “a(1+h)
(2+b) B <
for 4(1+b)’ shrh<l.

Subsequently, considering the values of a, b,c, £, 5,, U and R, we can derive the
corresponding optimal concession contracts outlined in Table 1 of Proposition 1. To illustrate, let’s

bA+3b) b*(a—c)’
4(1+D) ~ 2(1+b)(2+b)

examine the scenario where B, + 5, <

, which consequently

imply U’'<U" <U" and

bz(a—c)2 <b(a—c)2 y (a—c)2 § b(a—c)2 [(4+3b)+b(1+b)(ﬂ1 +,82)]
2(1+6)(2+b)"  2(1+b)"  2(1+b) 2(1+b) (2+b) (B +5,) '

13



The optimality between the two-part tariff and unit-fee schemes hinge on the values of U. If U <U’,

then 7', 77 and U’ can serve as optimal contracts according to (A15), whereas U' is the optimal
contract for U'<U <U" based on (A18). However, there exists no optimal contract for

U" <U <U". Similar arguments can yield other results.

Proof of Proposition 2: Given that ¢, <c,, we have 9, <0, according to Lemma 1, leading to three
cases as follows.

a-r bc, —2c,

Case 1: Suppose 6 €[0,8,] with 6, = + 2> 0. Consequently, we have
2+b 4-b
x’ :[(qf)z —f] for i=1,2 with ¢" = ‘;2 +b22__b2fl ,q" =6 and R=r(q" +¢")+2f. Thus, the

problem in (7) transforms into

-4 —
max, -y, 120,520 WE[R_E]( h ﬂz)[”{_gl]ﬂl[”g_gz]ﬁz

st. 0<85<6,0<r<7, f20, n/ 2U,, n; 2U, and r(q +q;)+2f>R.  (A26)

The associated Lagrange function is

[R-R" [l -u ) [ -0,]" + A (8-8)+ 4 (F-7)
) +A3(7[1T_l_jl)+ﬂ4(”2T_gz)"'ls[r(%T"'%T)"'zf_B:'

b

where A, 4,, 4, 4, and A are Lagrange multipliers associated with the five inequality constraints

in (A26) except for >0, f >0 and &>0. The corresponding Kuhn-Tucker conditions are as
follows.

oL
o

-{(l—ﬂl—ﬂz)g—f[ﬂf—l_fl][ﬂf—l_fz] N AR A _J}
<0,r-—=0,
2‘]1 292 2(a—2r)—(c1 +CZ) o
_mﬂi 12_2+bﬂ3 2+b At 2+b A

(A27)

a_L_ D. 2(1—ﬂ1_ﬁ2)|:771 _l-_]1:|[72'2 _l-_]2] _23_&44_225 SO,f-Z—;ZO, (A28)

o | |-A[R-R][ -U,]-B[R-R][ -U,]

oL oL

85_—21 0,5- 5_0, (A29)
oL _a-r bc—2¢c, L _,

J_ub+ 4- 1 0.4 21 ’ (A3

14



L _Forx0,0 2, A3l
on, A o, (A31)
O _yso,4-L_y (A32)
0, 04
L L
a—zﬁf—gzzo,/14.a—:o, and (A33)
o4, oA,
—=r(q, +¢,)+2f—-R>0, A4, -—=0, A34
oA, (¢ +¢,)+2f-R 5 o, ( )

where D={[R-RI""" [z ~U,1" =] -U,T "} > 0.

Since we concentrate on scenarios where 7z >U,, 7, >U, and R > R, which will be
confirmed later, we establish 4, =4, = A =0 from (A32)-(A34) and 4, =0 in (A31) from r <7 .
Conversely, if 4, >0, then (A30) implies 6" =5, > 0, consequently /11* =0 from (A29). This results

in a contradiction. Hence, we must have /11* =0. Thus, the conditions in (A27)-(A28) become

‘Z—f={(l—ﬂl—ﬂz)‘2—f[fr3—QJW—QJ—%[R—B]W—%]—%[k—g]{n{—gl]}so, Lo,

(A35)
L _20-p—p) [ 0|7 ~U, - B[R-R][ 7} ~U, |- A [R-R][ ] U, ]} <0. -2 =0. (A36)
of TP Y || Y, | K| 7, =Y, ) S A

Due to the complexity of calculations, it’s not feasible to solve for all the optimal concession
contracts. Nevertheless, we can demonstrate that fixed-fee contracts cannot be the optimal contract in
certain scenarios as follows.

If the fixed-fee scheme is optimal, then ' =0, f7>0 and
20-B,-B)| & ~U, || #] ~U, |= B, [R-R][#} U, |+ B,[R-R][ #] ~U, | according to (A36).
Substituting them into (A35) results in

oL _[R-R] or
or 2 or

_2[R-R]
2+b

|:ﬂ1 (7[2T_l_]2>+ﬁz (ﬂ-lT_Ql):| [ﬂlq{(ﬂ{_(_@)"'ﬂzqg (ﬂ'lT_Ql):|
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_1aR 2
3R

28r
=[R=R] 4(7 ~U,)+ (i —)}[1 aaf 223117

R-R]| B (m; -U, )+ B, (7] U,
| A 2(2”))) | ”[—2(qf—q§)+b(q{+q§)]

_E][ﬁl(”;_gz)+ﬂz(”{_Q1)}_2_b[R_E}[ﬂ1q1T(”2T_l_]z)JrﬂquT(”

-u)|

(A37)

The first inequality above stems from ¢/ > ¢! as per Lemma 1(i). Additionally, we will have

%L >0 if 2(q] ~qf)+b(q] +45 )>0 in (A37), which will occur when

2b(2-b)a+(4+b)¢,
(4+4b—b2)

¢ <c <

(A38)

However, g—’; > (0 will contradict (A35). Consequently, the fixed-fee scheme cannot be optimal under

(A38). Conversely, if (A38) is not satisfied, then the fixed-fee scheme can be optimal. These findings

support Proposition 2(i).

Case 2: Suppose 5 (5, 5,] with 8, =925 5 > 0. Consequently, we have 7z, = (qlT )2

2+b

— f with

gl =55, 7w, =3[(2-b)a-r)—(2=b*)S +bc,—2¢,]- f and R=r(q] +5)+2f. Thus, the

problem in (7) transforms into

1-8 —
max, .o, 10,520 W =[R-R]"" ﬂz)[”{_gl]ﬂl[ﬂ{_Uz]ﬁz

st. 8,<0<6,,0<r<7, 20,/ >U,, r, >U, and R>R.

The Lagrange function associated with the problem in (A39) is

[R=BI"[A -] [ -0,] + 4 (5-8)+ 24 (8,-8)+ A (F-7)
(2 U A (2 U+ A [ el + )42/~ R]

with the corresponding Kuhn-Tucker conditions being

oL

R ER R AR P DY
oL _ (l_ﬁl_ﬂz)%[”{_Ql}[”g_gz}_bﬂﬂ{[”g_Qz}[R_f] <0 5‘%:0
00 +%ﬂ2[(2—b)(a—r)—2(2—b2)5+bcl—2c2J[7z1T—QJ[R—B] S 08
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where D= {[R—]_Q]‘(ﬁ”ﬂz)[;rf ~U, TPl -U, ]‘“'ﬂz)} >0. Similar to Case 1, we have
A =2 =2=0and 4 =0 asper 5>6,.

. ) ) or
Once more, if the optimal contract is the fixed-fee scheme, then rr=0, L= bqlT <0,

or, —l[(z—b)a—z(z—bz)mbc ~2¢, ] R_r (2—b)=0,and a—L—D[R—R]-H according to
a5 2 I G N ¢

o5 2
(A40) and o0 >, >0, where

H =-Bbq] | 7] —(_/2]%/32 [@-b)a-r)-2(2-b")5 +be, —2¢, |[ 7] ~U, | with

o 1

== 2hal (B + )[@-bXa=r) 2255 +b, -2, [+ 50 (7] ~Us)-2-B)f (a] ~U,) and

oh —%(ﬁl+ﬂ2){—%[(Z—b)(a—r)—2(2—b2)5+bc1—202]—2(2—b2)qf}
852 - 1 2 2 2 T
+b B[ 2=b)a-r)=22-b")S+bc, —2¢, |+ b(2—-b")Byg,

(2-b)a—r)+bc, —2c,

Define & = 205 and 8" e arg{ﬁ = O} , Where 6, <(>) S if
bla+(4+2b-b")2c
¢ <(>)
2(2+b)

Calculations demonstrate

ﬁ >(<) 0 at é‘251 iff %bﬂzé‘l [(Q12)_<f_gl:|>(<)ﬁ1qlr [(512)_f_(_/2:|’ (A41)
ﬂz[b2a+(4+2b—b2)2cl—2(2+b)c2][(a_cl)2 , U]

H>(<)0 at 55, iff Hz+t) U VS
>(<)bﬂ1(a—cl) (a—cl)[a+(1+b)cl—(2+b)02]_f_U
2+b (2+b) -

H=-pbg! [ 7} U, |<0 at 6 =3,

H<O0 for §>36,7

If §>5, then [ (2—b)(a—r)—2(2—b")S +bc, —2¢, | <0 and thus

H=-Bbq’ [ﬂZT—(_JZJ+%/32 [2-b)a—r)-2(2-b")5+be, —2¢, |[ z] U, |< 0 according to [ 7] ~U, | >0 and
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OH T
T 20 8
3% <0 at o=0 ,%and

O*H
05°

>0 for 56(51,5).

Depending on the value of c¢,, there are two sub-cases as follows.

bla+(4+2b-b")2c,
2(2+b)

First, suppose ¢, < . Then, we have 9, <0, < 5 . Furthermore, we have

)=

651L21>0 for 5 €(5,,6) and H<0 for =5, suchthat 7>0 at 5=5, if 7>0 at §=45,, and

H<0 at =6, if H<0 at §=6, by &, <&,. Under these conditions, we only need to consider
three cases: H >0 at =6, and H <0 at §=0,; H<0 at =6, and H <0 at §=7,; and
H>0at5=6 and H>0at5=6,.1f H>0 at =6, and H <0 at 5 =6, , then 5" (5, 5,)
exists.” However, if H <0 at =6, and H <0 at 5=0,,then H <0 forall 5e(5,5), and

S~
consequently % D[R—R]-H<0 forall 5e(d, ,0) by 0 H>0 Therefore, if 8" exists, we must
have &' <. Yet, this contradicts the requirement of 5 (5, 5,]. Conversely, if H>0 at 6=,

and H >0 at §=5,, then % D[R-R]-H >0 forall §e(5,,6,] by <0 for 5€(5,6,], H<0

2

for 6>9, H >0 for 0€(0,,0,], and 5 >O for 5 e (g, 5).Thus, there exists no &' €(d,,6,] with

o' earg{H =0} .

b'a+(4+2b-b")2c,
2(2+0)
for 0 6[5 6,) . Under these circusmatces, if >0 at 6 =5, , then 5" e(51,3) exists. Conversely, if

H<0 at 5= o,, then H <0 and a—L_D[R R]-H <0 forall 5€(5,,5,]. Therefore, if & exists, we

Second, suppose ¢, > . Consequently, we obtain &, > & , thus H <0

must have &' <&,. However, this contradicts 6" €(d,, 6,] again.

The aforementioned findings indicate that the fixed-fee scheme cannot be optimal if

[7[{—(_/1]>O.

8This is because at 5 ="

Z—g:—%bqf (B.+8)[@-b)a-r)-22-b")5 +bc, —Zcz]—jﬂz (7] -U)[(4=2b-b")a—r)—(4=b")c, +2bc, | < 0.

1

I

_ = OH A oH
*This is because H >0 at §=6, H<0 at §=5,, ¥>O for 0 €(9,,0) and 5<0 at 6=0".
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ba+(4+2b-b")2c,
2(2+0)
0 =0, . Furthermore, H >0 at 6 =0, is equivalent to the condition stated in (8) according to (A42),

b’a+(4+2b-b")2c,

and H <0 at
2(2+0)

and H>0 at =46, orif ¢, >

¢, <

and H <0 at § =4, is equivalent to the condition provided in (9) as per (A41). Conversely, if either
(8) or (9) fails, then the fixed-fee scheme may indeed be optimal. These prove Proposition 2(i1).

Case 3: Suppose § e (5,, _) with 6, =512 >5,. Then, we have 7/ =[a—(1+b)5—c¢,—r |5~ f,

[a 1+ b 0—c,— r] 0—f and R=2ro+2f . Thus, the problem stated in (7) transforms into

max, -y, 120,520 WE[R_E](l_ﬁl_ﬂz)[ﬂlT_Ql]ﬂl[”g_gz]ﬁz
s.t. 52<5<£, 0<r<7, 20, 7/ >U,, 7/ >U, and 2r6+2f >R. (A43)
+

The corresponding Lagrange function is

I R e A e e e et

b

+4, (7] U, )+ 4 (7} ~U, )+ A,[2r6 +2.f —R]

where 4, A,, 4, 4,, A and A, are the Lagrange multipliers associated with the five inequality
constraints in (A43) excluding » >0 and f >0. The resulting Kuhn-Tucker conditions are as

follows.

oL

D'{zé‘(l_ﬂl_ﬂz)[ﬂj_l_]1][772T_gz]_ﬂ15[R_E][”2T_QQJ_ﬂzé‘[R_E][”lT_I_Jl]}
— <0,r-—=0
a]/' b 9

2(]1 2q; 2(a_2r)_(cl +cz> or
— - As + 2,
2+b/11 Che 2+b Ch 2+b° 2+b 6

—(—a) A, —(1—a,)As + 24 + <0, f.g—]fz 0,

a_|, 20-,- )| -U, |7 -U,]
S| FAR-R][m U, |- A[R-R][x U]

r 0 2T T
oL _ D'{(l_ﬂl_ﬂz)g_g[ﬁl _QJ[ 4 ]+ﬂl [ J"'ﬂz 6”5 [R_B][”1 _l_le} <0, 5. 6_[,:0
o +2 = Ay +[a=2(14b)5—r—c|[ A + 45 ]+ 2r 0o

(A44)

AsinCase 1, L =4, =4, =A =4 =0 and 4 =0 due to the constraint of &, <5<n
+

T T

Given that om _ -2(1+b)5—¢,—r, 887;2 =a-2(1+b)6-c,—r and 2—§=2r,wecan infer
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T T _ _ _ _ _ _ _ _
O 0 and P2 <0 for5>u552 ducto 22 224977 274 rbycl<c2.
06 05 2+b 2(1+b)  2(1+b)  2+b

Furthermore, if the fixed-fee scheme is optimal, then 7' =0. Consequently, we have g—é <0 by

<0 and R =0 at " =0. Therefore, the complementary slackness condition

orn/ <0, or,
00 00

provided in (A44) implies 8" =0, which contradicts the requirement of §" (52,£) . Hence, the
+

(A44),

fixed-fee scheme cannot be optimal in this scenario. These observations confirm Proposition 2(iii).

Proof of Proposition 3: Given that our setups differ from those of Chen and Liu (2014) and Chen et
al. (2017),1° we proceed to re-derive and re-state the results of Chen and Liu (2014) ! as follows.

2(2-b)a+(2+3b)c,
6+b

2b(2-b)a—(4+4b-b")c, +(4+b")c,

4(1+b)(2-b)

, then the

Proposition A (Chen and Liu (2014)). (i) If ¢, <¢, with ¢, =

optimal contract is the two-part tariff scheme with r =

b

2
2(2- 2 -
cL _ ( b) a4—21(+—l:)3(bz) Clb)(6+b)cz . At equilibrium, we have
a 2(2-b)a—(2+b)c,—(2-3b)c, B 2(2-b)a+(2+3b)c,—(6+b)c,
= 4(1+b)(2-b) »® = 4(1+b)(2-b)

[2(2-b)a+be,—(4-b)c, |(c, )

b

cL cL _
= , 7, =0,and

i 2(1+6)(2-b)
RCL_[2b(2—b)a—(4+4b—b2)cl+(4+b2)c2].[2(2—b)a+bcl—(4—b)c2] J[2(2-B)a+(2+3b) ~(6+b)c, 2
- 8(1+b) (2-b) ’ 4(1+b)(2-b)
(2-b)a+bc

(i) If ¢, <c, <c, with ¢, = L then the optimal contract is the unit-fee scheme with

2
. At equilibrium, we have q" = ﬁ g5t =0,7" = ((C2 _ CI)Z ,
- 2-b

(Z—b)a +bc, —2c,
(2-2)
(c, —6'1)[(2—b)a+bc1 —202]
(2-2)
First, as shown in Case 1 of the proofs for Proposition 2 with 6 =0, the corresponding Kuhn-

Tucker conditions are

CL

:7:

CL CL
7, =0, and R™" =

01 Chen and Liu (2014) and Chen et al. (2017), the inverse market demand p, =1-g¢ —bq, is considered with an upper

bound imposed on the fixed fee, i.e., 0 < f < min {ﬂla s ﬂzc L} . In contrast, we consider the inverse market demand

p, = a—q, —bg, without imposing an upper bound on the fixed fee.

gince the results of Chen et al. (2017) are qualitatively similar to those of Chen and Liu (2014), we focus on comparing

our results with those of Chen and Liu (2014).
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oL OR 2 2
2L o-{-p-p) Bt - ot -0, A (-1 -0, - L -] -] and
oL .
o =D {20-p- [l U 4 ~U.]- ALR-R][#1 ~U. - . [R=R][ 7 ~U; ]} . The corresponding
Kuhn-Tucker conditions in Chen and Liu (2014) are (Z—L = Z—R and 7 =2>0. However, the

s

Kuhn-Tucker condition for the optimal unit- fee rate in our model equals that in Chen and Liu (2014)

if g =p4,=0,butit equals =0, implying 8_ >0 if g, B, >0. The concavity of R(:) implied by

the second-order conditions suggests that »” <", and the fee revenue collected from the unit-fee
scheme in our model will be less than (or equal to) that in Chen and Liu (2014) if S, 8, >0 (or

B =p,=0). Thatis, R® <R if the unit-fee scheme is selected in both Chen and Liu (2014) and
our model. However, since the two-part tariff and fixed-fee schemes can also be optimal in our
model, we need to consider additional scenarios. Specifically, for small c,, the two-part tariff
scheme is optimal in Chen and Liu (2014), but the unit-fee can also be optimal in our model. In
contrast, for large c,, the unit-fee scheme is optimal in Chen and Liu (2014), while the two-part

tariff and fixed-fee schemes can be optimal in our model. Therefore, it is sufficient to consider the
following three cases to prove Proposition 3(i).*2
Case 1: Suppose that the two-part tariff scheme (+7, f7) is selected in our model, and the two-part
tariff scheme (»<¢, £L) given in Proposition A(i) is chosen in Chen and Liu (2014). As argued
above, we have 7 <7L (#T =rL) and the fee revenue collected from the unit-fee part of the two-
part tariff scheme in our model is less than (or equal to) that of Chen and Liu (2014) if S, 8, >0 (or
B=p,=0).

Given any two-part tariff scheme (r, /), Lemma 1(i) implies that both operators’ optimal
cargo-handling amounts in Chen and Liu (2014) and our model are the same and equal to

bey—2¢ be,—2¢ .
q,(r) =57 Zz_b;l and q,(r) =457 2 b; 2 . Moreover, the upper bound of our fixed-fee is

£ <[g:("N] dueto ¢,>¢, and 7, =[q,(r)] — f >0 assumed in our model, while the optimal fixed-
fee in Chen and Liu (2014) will satisfy f = [qz(r)] . Thus, we have

rla, (N +q,(D]+2f <r-q,(r)+q9,(n]+2]q, (r)]2 . Furthermore, some calculations yield

121f the unit-fee scheme is selected in our model and the two-part tariff scheme is chosen in Chen and Liu (2014), then

we must have R” < R™ because ' < " and there is no fixed charge in our model.
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a{r-[ql(r)wz(r)}+2[q2(r)]2} 2b(2-b)a—(4+4b—b" )¢, +(4+D")c, —4(1+b)(2—b)r
or ) (2+b)(4-07)

>(<) 0 iff

2b(2—b)a—(4+4b—b2jcl+[4+b2jc2
4(1+0)(2-b)

r<(>)re, where rt = is given in Proposition A(i). Since 77 <L, we

then have RBErT-(qlT+q§)+2fT<rT-(qlT+q§)+2(q2T)2<rCL-(q1CL+q2CL)+2(q2CL)2ERCL.

Case 2: Suppose that the two-part tariff scheme (7, f7) in our model and the unit-fee scheme "
given in Proposition A(ii) of Chen and Liu (2014) are chosen. The unit-fee scheme chosen in Chen

and Liu (2014) is »* =7 when ¢, > Wby Proposition A(ii). Under these circumstances,

we have ¢;* =0 and 7" <7 =7 . Thus, we have

RE =" (qlT +q2T)+2(q2T)2 <(rT +5)-[ql(rT +e)+q,(r" +5)]+2[q2(rT +g)}2 <r-q" =R"
for some small positive number ¢ with ' +& <7 because

olr[a(r)+4,)]+2[ 0, |
or

>0as r<r (A45)

and ¢,(r" +&) =0 as (#" +¢&) increasesto 7 .13

Case 3: Suppose that the fixed-fee scheme f7 is selected in our model and the unit-fee scheme »¢*
given in Proposition A(ii) of Chen and Liu (2014) is chosen. As in Case 2, (A45) implies

R =217 =0[¢,(0)+¢,(0)]+ 2" < 0[q,(0)+4,(0)]+2(4,(0)) <&-[q,(e) + ()] + 2[4, (&)]

. 2 —
<lim,_{&-[q,(&)+q,(&)]+2[q,(&)] } =7 -q* =R, (A46)
where ¢ is a small positive number, and ¢,(¢) and g,(&) are operator 1’s and 2’s the optimal
cargo-handling amounts at 7 = & . In (A46), the first inequality is due to f7 <¢q,(+") and " =0 is

due to the fixed-fee scheme being optimal, the second inequality is implied by (A45), and the last
inequality is implied by (A45) and ¢,(7)=0.

The outcomes of Cases 1-3 then imply R% < R as claimed by Proposition 3(i).

b(a—c) o (ar—c)2

Second, under Assumption Al and ¢, =c, , we have r< = , f4 = -,
2(1+b) 4(1+b)
ca_ a—c cL cr cL (a—c)2 : . o\
q, =q, = , m, =m, =0 and R™ =-————. However, given T' in Proposition 1, we
2(1+b) 2(1+b)

. — _ (2-batbg-2 . —
131t is easy to check that at r =7 = (m;%, we have 11m( ot qz(rT +&)=q,(r)=0.
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bla—c) ., [2-2(1+b)(A +/)g)](a—c)2

have rT:2(1+b)’ B 8(1+b)2 _(l_ﬂl 'BZ)U"' (131+ﬂ2)R 91 _% _2(1+b)9
T T_(/Bl"'ﬁz)(a_c)z e l
T =T, = 4(1+b) +(1 B ﬂz) 2(,31+ﬂ2)1_€
RTz(l_ﬂl_ﬂ2)(a_c)2 —2(1=B,- B,)U+(B,+ )R for U<min{U".U"} and R<("_c)2
2(1+b) bomm A Im = T ~ o 2(1+b)’

(a—c)’

2(1+b)

n’=nl >7" =0 for i=1,2. In contrast, given U' in Proposition 1, we have

o _arg{(lﬂlﬂz)[2(2+balaz)qT2r}[”TQJ“(ﬂﬁﬁz)r(qT) _0}’ ST €|:0, a—c—rT}

which then imply [T" = =TI given in Proposition A(i). Furthermore, we have

2+b 2+b 2-b
—r' - a r —c)
T:0 T: T:a r C T: _ RT f
f s 4 9, 24b —, 7T, 2+b , i) or
b 4+43b)+b(1+b
max {0,U'} <U <U" and R< (a- )[( +3b)+ £+ )(ﬁl+ﬁ2)]’ and
2(1+0)" (2+b) (B, +5,)
o 2(a—r"=c)|a—c+(1+b)r" _
I = (a d C)[a C‘2+( Hh)r ]<(a c) =[1“. Moreover, we have
(2+b) 2(1+b)
B r a-r"—c\2

> =0 for i=1,2. These prove Proposition 3(ii).

It is worth noting that we do not need to consider 7> or U’ here, where the minimum
throughput requirement is non-zero. This differs from Chen and Liu’s (2014) setting, which does not
account for a minimum throughput requirement.

Third, we discuss the case of Assumption Al and ¢, <c,. Here, we only compare the results of

Proposition 2(i) with those of Chen and Liu (2014). The same arguments can be applied to the results
of Proposition 2(ii)-(iii) when compared with those of Chen and Liu (2014). Denote

M=r+m+R=(q,) +(4,) +r(q,+q,) as the total payoff of the port authority and the two

terminal operators, where ¢; <477+ 4' bZl for i, je{l,2]i# j} by Lemma 1(i) with 6 =0. In

particular, if ¢, =g" in Chen and Liu (2014), then [1=T1, and [1=11" if ¢, =g’ in our model.
oIl 2ba—4(1+b)r—b(c +c,)

The same calculations show > (<) 0 iff

or (2+b)2
_ 2 _
r<(>)r= 2ba-b(e +¢,) , and 0 12_[ 4(1+0) <0 forall »>0. These imply [] reaches its
4(1+0) o’ (2+bY

. A . A —C B CL -
maximum at 7 = 7 . Moreover, since 7 —r* . ) <0,wehave [I" >[]" if



F<rl <r¢;and [T° <HCL if 7 <r <" . However, the relative sizes of [1” and HCL

uncertain if 7’ <7 <7 . Thus, it is enough to determine the relative size of ’ and »“*. According

to the values of Z—L and Z—L, there are two sub-cases as follows.
v

(1) Suppose Z_]L‘ =0 and oL _ = (. That is, the two-part tariff scheme is selected in our model. We

or
then have 204~ )| ~U, || 7] ~U, |= A[R-R][ 7] ~U, |+ B,[R-R] x| ~U, | by g—j;:o.

oL [R;B] -K , where

oL
Substituting it into W yields E_D

[g—lj—;zlb]ﬂl[ J g]: S ]ﬁ’z[ J Slnceg—];—o at r=r' andg—];<0 at
r = r°" by calculations, we have 7 <" based on the concavity of L(-). Conversely, we have
—br [261 —(¢, +¢, )]
(2+ b)2
0<r<r satisfying H(r = 5) = H(r =r ) due to the concavity of [](-). These then imply

<0 at r =r . Therefore, there exists 7 with

H(rzO)—H(r:rCL):

[T > (I if " > (<) 7 Moreover, further calculations yield

2 26(2-b)a+(4+b")c,—(4+4b=b)c, 0 26(2-b)a+(4+b*)c,
' 4(1+b)(2-b) >oias (4+4p-1") ’
4B, (c—a)|[2(2=b)a—-(6+b)e +(2+3b)e, |, Y
A H 4(1+b)(2-D) } -/ gl}>o wr=n
2(2-b)a—(2-3b)e,~(2+b)e, |,
ok | 4(1+b) ﬂl“ 4(1+6)(2-0) } S 8B (e —¢)[2(2-b)a—(6+b)c, +(2+3b)c, ]
o | (2+b)

2(2-b)a—(6+b)c,+(2+3b)e, | ., 4(1+b)(4-17)
o[ Atieplesasoenlel_ iy |

A

at r=r;and
a—LzD-@-loo at r=r.

or

These findings imply # >7" > 7 due to the concavity of L(-), oL

T
——0 at r=r",and r’ <r*t
o

Furthermore, under the unit-fee scheme 7 and Lemma 1(i) with 6 =0 and ¢, = ¢, , we have both

operators’ optimal cargo-handling amounts being ¢,(r) =g,(r) =53 with

dq,(r) _0q,(r) -1 a{[ql(’”)r _[‘]2(’”)}2} _2(e,—q)

= = <0 and

5 2= 5 S 0. These suggest g/ > g ",
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i > 45", m =(al ) 1" >(al ) () > (") a8 = (") s =m by S <(af) and

fe :(qZCL)Z,and 7l >n =0 by 7T2T=(6]2T)2—fT>0-

In summary, if the two-part tariff scheme is offered, then we must have [T" >[1“ and

7’ =rx! >x% for i=1,2. These validate the first part of Proposition 3(iii).

(i1) Suppose Z_jL” <0 and oL _ =0.1If Z_JL‘ <0, then " =0, and hence the unit-fee scheme is selected

or

oL
in our model. At " =0, o =0 implies g—L: D-J , where
r

J=(-5-P)F [ U [ -u, - 22[1‘][; [R-R][=]-U, |- Zfi‘% [R-R][zl -U,]. 1f J<0

at r= r then g—L<0 at r=la and hence 77 <7 by g—L—O at 7 =r", which in turn implies
r

2b(2-b)a+(4+b)c,

[1° <I1% as argued in part (i). Some calculations yield J <0 at =7 if ©= (4 4b bz)
T ah—

and (b,¢,c,, B, B,,U,, U,, R) satisfy G, <0, where

2(1- 4, —[;Z)HZ(Zb)at4((6+b)c1 +(2+3b)c, :l —Ui

1+6)(2-b)

2(2-b)a—(6+b)c, +(2+3b)c, [ 2(2=b)a—(2-3b)c, - (2+b)e, | v
2(1+0)(4-0%) l{ 4(1+5)(2-b) } T
G = i

{[2b(2—b)a+(4+bz)c, ~(4+4b-8*)c, |[2(2-b)a—(4-b)e +bc,] R} '

8(1+b) (2-bY

B[2(2-b)a-(2-3b) ’(2+b)cz:|ﬂ2b(2_b)a+(4+bz)"l _(4+4b_bz)"ZJ[z(z‘b)a‘(“—b)q +be, | - miz(zb)“(@rb)c1 +(2+43b)c, T v )
0 U

2(1+b)(4-0%) | 8(1+b) (2-b) . 4(1+0)(2-b)

And J >0 at 7=r if (b, ¢, ¢y 3, B, Up» Uy, R) satisty G, >0, where

1+5)(2-b)

{[2b(2b)a+(4+bz)c2(4+4bh) o ][2(2-b)a=(4=b)e, +bc,] R}

8(1+b) (2-b)

a-p _ﬂz){{z(zb)a4((6+b)c2 +(2+3b)c, } _4

2(2-b)a=(6+b)es +(2+30)c, [ 22-b)a-(2-30)es —(2+D)e [ _ .
. 2(1+b)(4-0%) l[ 4(1+b)(2-b) } o y

B[2(2-b)a-(2-3b)c, _(2+b)q]“2h(2—b)a +(440%)e, (4 +4b )¢, [[2(2-b)a—(4-b)c, + be, ] ) Mz(z;,)a(m;,)cz +(2+3b)c, }2 . )
4(

2(1+5)(4-b) | 8(1+5) (2-b) . 1+b)(2-) “

We need to verify the consistency between the conditions on ¢, . Note that the two-part tariff scheme
2a(2-b)+(2+3b)c,

is optimal in Chen and Liu (2014) if ¢, < . Through calculations, it is found that

6+b
- 2b(2-b 4+b* 4(1-b)(4-b*)(a—-
2(2 b)a+(2+3b)cl_ ( )a+( i )clz ( )( )(a cl)>O.C0nsequently, we will have
6+b (4+40-07) (6+b)(4+4b-b7)

2b(2-b)a+(4+b)q,

B CL -
IF<Ilif e, < (4+4b-0?)

and the unit-fee scheme is selected in our model. As in part
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2

(i), we have 7" <7 and hence 7 =z =(q1T)2 >(q1CL) >(q1CL )2 — f =7z and

2
ml=nl = (qu ) >0=75". These then substantiate the second part of Proposition 3(iii).

(1i1) Suppose Z—; =0 and Z—L <0.If Z—L <0, then " =0 and hence the fixed-fee scheme is selected
r r

in our model. In addition, we have [1° >TI“ if #<r! <7, [I*<[1" if 0=r" <F <7, and

2b(2-b)a+(4+b%)¢ 2b(2-b)a+(4+b%)c,

F>(<)0if ¢, <() . These imply [T <T1% if ¢, <

(4+4b—b2) (4+4b—b2) ’
2b(2-b 4+b? -
and [1° >T1¢ if ( )a+( i )cl <c, < 2(2 b)a+(2+3b)cl . As in Case 1 of the proofs for
(4+4b-27) 6+b

Proposition 2, the fixed-fee scheme can be optimal if (A38) fails. Thus, T =0<rtif
. 2b(2-b)a+(4+b%)q

? (4+4b-2%)

ot =l (ol ) 17> (ol () > ()

2
ﬂf = ﬂzT = (qu ) —fT>0= EZCL . These then substantiate the third part of Proposition 3(ii1).

c , which in turn implies

2 _(QZCL )2 =(6]1CL )2 _fCL :ﬂla and

Proof of Proposition 4: We first restate the results of Liu et al. (2018) within the context of our
setup as follows.

Proposition B (Liu et al. (2018)). (i) If ¢, €(¢,,&, | with
[(2+b)(3—2b)a+(1+b)(2—b)clJ—\/2(1+b)(3—2b)(2—b2)(a—cl)z
(8-3p7)

best choice is the unit-fee scheme. The optimal contract and minimum throughput guarantee are

A , then the port authority’s

rt :(a_—CZ) and 5" =M. At equilibrium, we have q =38 = —; fori=12,
2 2(1+0) 2(1+0)
2
ml = (Cz_cl)(azcz) , 7y =0 ,and R" :—(a—cz) :
2(1+5) 2(1+2)
- (2-b)(3-2b)a+(2+3b-3b")c,
(i) Ifc, e (02,02) with ¢, = (8 " bz) , then the unit-fee scheme is the port

authority’s best choice. The optimal contract and minimum throughput guarantee are
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(2—[))(a—r”)+bc1 -2c,
(2-7)

1
equilibrium, we have ¢q =E(a—b5L —-q —r) >o", g =35", ) =(qlL)2 , my =0, and

rt =m[(3—2b)a—(1—b)c1 ~(2-b)c, | and 5" =

. At

L

[(3-2b)a—(1-b)¢,~(2-b)c, |
4(3-2b)(2-17) '

~ = .y = (Z_b)a+bcl ) . . .
(i) If ¢, € [cz, cz) with ¢, =-~———~———, then the port authority’s best choice is the unit-fee
(2-b)a+bc, -2,
2-b

scheme. The optimal contract and minimum throughput guarantee are r* =7 =

(e, _Cl)z

(2-b)

6 —¢

2-b

and 5" =0. At equilibrium, we have qlL = , qZL =0, 7 = , 7Z'2L =0, and

R = (c, —cl)[(Z—b)a;—bcl —202]
(2-0)

First, we can demonstrate Proposition 4(i) using arguments similar to those of Proposition 3(i),
except that we will adopt the Kuhn-Tucker conditions as in Case 2 of Proposition 2.
(a—c) St (a—c)
2 b

Second, under Assumption Al and ¢, = ¢,, Proposition B implies 7" = 5 (1 b)
+

2

q- =5"= 7€ fori=1,2, xf =, =0,and R" = (2-c) , which then correspond to
2(1+b) 2(1+0)

1" =7/ +7z} +R" =TI obtained in Chen and Liu (2014). Moreover, as proved in Proposition 1,
the port authority’s equilibrium fee revenue, operators’ equilibrium profits, and their total payoff
under the contracts 7', T?and U” are the same. Thus, by following the same arguments as those in
Proposition 3(ii), we can conclude [T <IT" for B, 8, >0 if U' is adopted, [1° =I1" if T', T* or
U? is adopted, and 7 >} =0 for i=1,2 regardless of the optimal contract types. These prove
Proposition 4(ii).

Third, under Assumption Al and ¢, <c,, we will compare the results of Proposition 2(i) with
those of Proposition B(i)-(ii).1* In this context, there are two subcases as follows.
Case a: Suppose g; >J and ¢ =3 (or ¢ > and g5 =J) are given in Lemma 1(ii).”% In this
situation, the total payoff of the port authority and the two terminal operators in our model is
[l(r,0)=7n+7,+R= (%)2 +2[(2=b)a-r)—(2-b")5 +bc, —2¢,1+r (g, +J), where

9= a_cl_zr_ba . In particular, we have I1° =[1(+",6") and IT* =[1(+*,5"), where (+', 6") is the

1%1n Proposition B(iii), 5° = 0 and qu =0, which are not particularly interesting. Therefore, we focus on the results of
Proposition B(i)-(ii).

15Note that the operators’ optimal cargo-handling amounts given in Lemma 1 are the same as those in Liu et al. (2018).
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optimal contract derived in Proposition 1 or 2, and (r“, §") is the optimal contract derived in
Proposition B(i1) for ¢, €(¢,,¢,).

oI1 2(1-b)a+br+2bc,—2c,—(4-3b")5

By some calculations, we have = and
00 2
- b| (1-b)a+bc,— - (1-b bc —
oIl _ r—i—bé" Lettingm=m=0 yields 7 = [( Ja+be, cz:l and5z( )a+bc, cz’
or 2 or 86 2(1-17) 2(1-%)

——

which produce the maximum of [[(r,5). Given {7, 5 } , we have

—(3—5b+2b2)(a—cz)

<0 and
2(1-52)(3-2b)

(F-rt)=

3b-5b +2b* |a+(2-3b=b7 +b* )¢, ~(2-6b> +2b* +b*)c,

2(3—25)(1—b2)(2—b2) . Since [[(r,8) is a multi-

o' -5)-!

variable function of » and &, we cannot directly compare [1”and [1".*® Thus, we will first find the
anchor (or reference) point » with » # r* satisfying the condition of [1(r,5") =T1* given 6 = 5",
or the anchor (or reference) point § with § # " satisfying the condition of [T(+*,5) =TT" given

r = r" . Note that these anchor points will exist due to the concavity of [1(r,5) . Afterwards, we will

compare these anchor points with (#", §"), and then we can determine the relative sizes of [1”and
IT".

Since our optimal contracts include the two-part tariff, unit-fee and fixed-fee scheme as shown in
Proposition 2, we will compare our optimal two-part tariff contract with that of Liu et al. (2018). The
same arguments can be applied to the other optimal contracts to reach similar conclusions.

First, we try to find the anchor point of r given & =0". Since 7 < r*, there exists 7 at & ="
(~6+166—116" +2b" Ja+(2+2b+5b> =5b" ), +(4—18b+6b” +3b ),

< 0 satisfyin
(12-8p—-6b" +4b’) ying

with 7 =
7 <7 <r" andsolving TI(r,6")=I1*. This implies thatat 6" =&, we have [I° <IT"if +' <7
due to [1(+7,6%) <T1(7,6") =TI+, 6%) by 58_1_[ >0 for r < 7. However, since 7 <0, we have

r

7 <0< 7" and then [1(+7,8%) >T1(7,8%) =T1(+*,5%) by I1° >T1". Thus, this anchor point (7, 5*)

is meaningless due to 7 < 0.

16 First, since (#',8") in our model cannot be analytically solved in some cases, it is not possible to directly compare
I1(»", ") and TI(+", ") by substituting (', &' ) and (#", &) into II(r,5). Second, even though we can substitute
(r", 6") into the first-order conditions for deriving (', &' ), we still cannot determine the relative sizes of II(+', 5")

and TI(#*, 5°) because I1(r,5) is a mutli-variable function of » and & .
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Second, we try to find the anchor point of § given »=7". We compare [1° with [1" at
(r=rt,6=5), where & with & <& satisfies [1(+",8) =TI*. This then implies [1° <IT" if 67 <&,
and [1° >TT" if 6" > 5. By some calculations, we have
< (24-406+100 +130° —6b* |a—-(8-32b+10b% +13b° =5b* )¢, —(16-8b—b* ),

2(3-2b)(2-57)(4-30?)

>0 if »<0.6309,

2(3b-5b> +2b%Ja+2(4=5b=2b" +b> +b* )¢, = 2(4-2b-Tb* +3b* +b*)c,
(3-2b)(2-b2)(4-30?)

5t-65 =

:2(5L —S(rL))>o

if 0.4343<b<0.6309 and ¢, <c, <cj," orif b>0.6309 for ¢, <c, <&, , where

,(36=3b7+2b%)a+ (456202 +1° +b%)c,

¢y = and
(4—2b—7b2+3b3+b4)
_ (12-17b+6b)a+(116=7b% )¢, ~(12-6b—b?)c,
o(rh) =
2(3-2b)(4-307)
oL oL 2 2 = =
Thus, if —>0, —<0, a—f<0 and oL <0at(r=r", §=0),then " >r" and 6" <5,

or 00 or 06"
and hence [1° <IT", where the Lagrange function L(-) is defined in Case 1 of the proofs for

oL oL = z
Proposition 2.8 In contrast, if a—ﬁ 0 and > >0 at (r=r*, 6=0),then ¥’ <r’ and & >0,
/s

and hence [1" >TT".

(27}))(aer)+bcI -2c,
)

than the value of 6" will result in 7Z2L < 0, which is meaningless. Therefore, for the relationship between 6" and

Because 7} =<4[(2-b)a—r)—(2-b)5+bc, —2¢,] and 7, <0 if 5> = ,any & greater

5(r*) , we only consider the case where §* > 5(r").

oL oL oL
18The second-order conditions for the solutions derived from — = — = — = 0 is the negative semidefinite Hessian
o of 05
oL L 'L
matrix of L(r, f,0) (”,L M; Dif Specifically, we have sign( 2L) si n(aW) and si n(azL) si n(aS)
r, 5 5 L L e 5 = ~ = A -
o wwr [P Y B TS s T s
L 2L 2L
o5 ofos 252
o awAl-(a=a)+(2+8)5{(2-p)o[(a=c)-2r-(2-0)s]-4[x U] 1,
with o (a—a)-2—(-5)7] —Eﬁqu [(a—c)-2r—(2-b)5] and
—B,[ 7l —U, |{-4b(4-2b-b*)a +(16+8b—12b> = 2b% ) r + 4b(4 b ¢, —8bc,
[l el ) s o
@ _ [-2b(a=c,)+(2+b)r+2b°5 ] . Thus, —<0, —<0, —<0 and
o6 or 00 of
~4(2-0") B[ 7] ~U, | ~ba! B.[ 2(2-b)a—(2-b)r—4(2-b") 8+ 2bc, ~ 4, | ‘
2
sufficiently large |68—W|, |%| and |Zf—£’| are assumed to guarantee that the second-order conditions hold.
r
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In the following, we focus on the interior solution (i.e., the two-part tariff scheme) derived by

oL _oL oL _ 0, and find the conditions leading to [1° <IT".1* We have

or of 00

oL
2(1_151_ﬂz)[”lT_Ql][”zr_ng::Bl[R_E][”zT_Q2J+ﬂ2[R_B][”1T_Q1] by 520-
Substituting it into Z—f yields %zD'(REB) -W , where

W=p [g—f—zq{}[ﬁg U, |+, {%—(2—1))5}[7[{ -] with

P =220 ps[-(ac)+(2+D)5])+ 3 5, (2 -0, ]-df [(a=c)-2r~(2-b)]|. Substiuting it
into 2_2* yields %: - [i ad
S:,6’1[—2b(a—cl)+(2+b)r+2b25}[7z§—l_]z}t,é’z[2(2—b)a—(2—b)r—4(2—b2)5+2bcl—4c2}[7z{—l_]lJ

, Where

B {(2+b)[7z§l_/z}(22b)5[2b(ac1)+(2+b)r+2b25]}

with 8_S =

or

and

5, {_(2_1))[”{_%}_(]{ [2(2_19)31—(2—b)r—4(2—b2)5+2bc1—402}}

o5 |20A (7] —Q2J+%ﬁl [—21;(cz—c1)+(2+b)r+2bzé][(2—b)(a—r)—2(2—b2)5+bc1 ~2¢, |

Za —4(2—b2)ﬂ2[7zf—l_]l]—bq{ﬂz[2(2—b)a—(2—b)r—4(2—b2)§+2bc1—4c2}

Moreover, at (r =r", 5:5:), we have W =Ap, [ﬁZT—Q2J+Bﬂ2 [”{_QJ with

) [—(241;—40172+4b3+17b4—6b5)a+(32+24b—48b2+4b3+15b4—7b5)c1—(32—8b2—2b4—b5)c2} .
) 4(3-2b)(2-17)(4-30?) "

(2—17)[—(24—40b+10b2 +13b° - 6b* )a—(8+326-305° ~13b° +11b* ) ¢, +(32-8b 20 +5b4)c2J

b= 4(3-2b)(2-07)(4-30?)

~2(4+106-1002 36 +3b*|(a )

(4—3b2)(10—b—4b2) <Oty

Some calculations show A<

19As shown in Case 3 of the proof of Proposition 2, the signs of g—[r‘ and g—]li are the same, and hence % =0 g—} Thus,

we have g—[r‘ <0 iff 27L <0, which implies #" = f" = 0. Since this scenario is not interesting, we focus on the case of

g_l; = 2—]1; =0 as discussed above, instead of (% < O,g—; =0) and (% = 0,2—; <0).

30



(3-2b)a+(7+b-4b%)q

;and B<0 if 5<0.6937 and c, satisfies
(10-5-407)

. ,
02>6’2—

(24400 +100? +13b° —6b* )a-+(8+326-30b" ~13b° +11b*)¢;
(32-8-2057 +5b*)

¢, <c, < =c). In contrast, B>0 if

b <0.6937 and ¢, satisfies ¢}’ <c, <G, orif »>0.6937 and &, <c, <&,. These then imply r” < r*

- 2
if W <0 because 8_L:0 at r=r", a—L:M<O at (r=r",0=0) by W<0, and oL

<0 at
or or or’

(r=rt,6=5).Note that 4<0 always holds, and hence W <0 holds if b <0.6937 and

¢ <c <q,orif ¢ <c, <G, and D, <0, where

[—(241;—401;2 +4b> +17b* —6b°)a +(32+24b - 4807 +4b° +15b* ~T° ), —(32—81;2—2b4—b5)c2}ﬂl[ﬁ§—gz]
4(3-2b)(2-5)(4-30")

(2—1))[—(24—4Ob+10b2 +136° ~6b* )a—(8+32b—30b> ~ 135 +11b* )¢ +(32-8b - 2007 +5b4)cz}ﬂ2 [ -U,]

" 4(3-2b)(2-5)(4-30°)

and D, equals W evaluated at (r =7",5 = 5 ). Note that the former condition implies B <0, while
the latter condition implies B>0 but B is small. Conversely, we have 7" >r" if D, >0 for
Gy, <cy <G,y.

fOL_DS[R-R] .
00

Next, we examine the conditions for determining the sign o 2

S=Z,6’1[7z2T—Q2J+I§,B2[7ZIT—QJ where

1 [(48—104b+36b2 +50b° —22b* ~13b° +6b° ) a - (16 —104b+52b° + 66b° — 44b* ~13° +116° )¢, - (32165 ~16b* +22b* —5b")c2]
B 2(3-2b)(2-57)(4-30?)

wnd B [—(24-76b+700" ~116* —6b* )a+(40-92b+ 65> + 255" +b* ), ~(16—16b—64b* +36b° +7b* ), |
2(3-2b)(4-3p) '

We have 4 <0 if 03588 <b<0.5951 and ¢} <c, <&,, orif b>0.5951 for &, <c, <&,;and A>0

if b<0.3588 orif 0.3588 <) <0.5951 and ¢, <c, <c; with

. (48-104b+36b” +500° —22b* ~13b° +6b° |a—(16-104b+ 525" +66b° —44b* ~136° +115° )¢,

e . On the
(32—16b2 —16b° +22b* —5b6)

other hand, we have B <0 if b<0.5037;and B >0 if b>0.5037 for ¢, <c, <¢,. Accordingly,

C . OL T = oL _oT o’L
we have S >0, which implies $>0 and 0" >0 dueto %zo at =0 and 55

<0 at

(r=r*,6=5),if A>0 and B>0, orif D, >0, where

[(48—104b+36b2 +50b° —22b" —13b + 6b° ) a— (16 —104b +52b” + 66b° — 44b* —13b° +11b° )¢, — (32 -16b* —16b* +22b* —Sb")cz]/}, (7] -U, ]
2(3-2b)(2-57)(4-3b)

D, =
i [7(24776b+70b2 —116* =6b*)a+(40-92b+6b” +25b" +b*)c, - (16— 16b — 64b” +36b° +7b4)c2}ﬁ2 (7 -U,]

2(3-2b)(4-3b")
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and D, equals S evaluated at (r=7",5= 5 ). Moreover, A>0 and B>0 are implied by

0.5037 <b<0.5951 and ¢, <c, <c;. In contrast, we will have § <0, which implies g—g <0 and

5" <§ if A<0 and B <0, orif D, <0.Furthermore, A<0 and B<O are implied by
0.3588 <b<0.5037 and ¢, <c, <¢,.

oL oL =z
All the conditions above imply > <0 and Frie 0 at (r=r",8=0) if 0.5037 <b<0.5951 and
r

. . . . oL oL . =
¢, <c,<minic),c;t,orif D <0 and D, >0, while —>0 and —<0 at (r=r",0=0) if
2 2 2 2 1 2 8}” 65

0.3588 <b<0.5037, ¢, <c,<¢, and D, >0. Moreover, we have
3b-5b> +2b" Ja+2(4=5b-26" +b> +b* )¢, ~2(4—-2b =75 +3b* +b*)c,

L_ 3 2(
oS (3-26)(2-57)(4-30%)

>0 if

0.4343<b<0.6309 and ¢, <c, <c§,orif b>0.6309 for ¢, <c, <é, , where
(36-5b> +2b" Ja+(4-5b-2b" +b* +b*)c,

<¢” . Accordingly, some calculations yield [T° >TT" if
(4-20-7b" +3b" +b*) ? gy Y

d _
c, =

0.5037 <b <0.5951 and ¢, <¢, <min{c{,c;}, orif D, <0 and D, >0;and [1" <II" if D, >0

and D, <0. The former proves Proposition 4(iiic) and the latter proves Proposition 4(iiib).
Moreover, we have 7, >0 as assumed in our model, and 7, =0 as proved by Proposition B. Thus,
7y =7l > ny . However, the relative sizes of 7’ =z and 7" are uncertain. This is because we

cannot express &~ and &' as single-variable functions of unit-fee rate » as Proposition 4(iiia) does.
Instead, they are multi-variable functions of » and f . Therefore, we cannot determine the relative

sizes of 7z and 7.

Finally, it is worth mentioning that our analyses above can be generalized by finding 5 for any

r with & (re arg{l—[(r,g‘ YV-T1(r",6") = 0} , instead of finding 5 given r". Afterwards, we can

compare the relationships among 5 (r), 6" and &* to determine the relationship between H(rT, o T)

and 1 (rL ,0F ) . Specifically,

=\2 5 = =
1 a—cl—r—bé') +é[(2—b)(a—r)—(2—b2)5+bcl—2cz]+£[a—cl—r+(2—b)5:|
3 2 2 2 B
(r)earg =0.

—{E(a—cl —rt —bs* )2 +§—2L[(2—b)(a—r“)—(2—b2)5L +b, —202]+%[a—cl —rt +(2—b)5l]}

2(1—b)ar+br+2bc1 -2c
(4—3b2)

Actually, we can obtain that §* > (<) 5 with 8(r) = 2 iff

(126-146% +5° +2b* Ja+2(8-12b =267 +3b° +b* )¢, = (81657 +4b> +3b* |,

. Thus, if
2b(3-2b)(2-57)

r<(>)
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(12145 +5° +2b* Ja +2(8-12b—-2b +3b> +b* |, —(8~16b” +4b° +3b* ),
2b(3-2b)(2-57)

r< ,then 6 > &,

which implies [T° <IT" if &” <5 ,and [T > 1T if 5<5 <5t In contrast, for
1261467 +b° +2b*)a+2(8—12b-2b> +3b° +b* |, = (8~16b> +4b° +3b*)c,
2b(3-2b)(2-1?)

r>( , we have 6t <&,

which implies [T° <IT" if 6" <&", and [T° > 1" if 6" <&” <5.
oL = oL
Let S, be the value of Iy at (r=r"", §=5),and S, be the value of Iy at (r=r", 5=0"),

where 7' and r** solve the following equations:

1 earg{ﬂl[—(a—cl)+(2+b)5}[7r§—QZ}Lﬁz[(a—cl)—Zr—(Z—b)é‘}[ﬂ'lT—Q1J=O},

r* earg| B[ ~(a=a)+(2+b)" | 75 ~U, |+ B[ (a=c)-2r—(2-b)5" ][ ~U; ]=0},

S =p [—2b(a—cl)+(2+b)r“ +2b2§][7z§ —Q2]+ﬂ2[2(2—b)a—(2—b)r“—4(2—b2)§+2bcl—402][7ZIT—Q1J, and
S, = B[-2b(a=c)+(2+b)r? +20°5" |[ 7} ~U, |+ B, 2(2=b)a—(2-b)r™ —4(2-b" )" +2bc, —4c, | 7 ~U, .

(126-14b% +5° +2b* )a+2(8-12b—2b" +3b° + b* )¢, - (8~ 16b +4b° +3b* ),

In summary, for 7% < ,
v 2b(3-2b)(2-1%)

we have [I” <IT" if S, <0, and [T° >IT" if S, >0 and S, <0. When
125 140" +b° +2b* )a+2(8 125 26" +3b* +b* )¢, - (8—16b” + 4b° +3b* ),
2b(3-2b)(2-57)

’,.s2 > (

, we have [1° <IT" if

S,<0,and [T" >TI" if S, <0 and S, >0. These imply that Proposition 4(iiib)-(iiic) remain true
under the conditions stated above.

Case b: Suppose ¢/ =& and ¢5 =6 (or ¢/ =6 and q; =&) as given in Lemma 1(iii). Under these

circumstances, the total payoff of the port authority and the two operators in our model is

M=r+,+R=5[2a-2(1+b)5—c —c, | by Lemma 1(iii), and is IT* _@me)@=a) S piyetal,

2(1+b)
(2018) for ¢, €[¢,, ¢,] by Proposition B(i).
By some calculations, we have
0 2a— A ?
(,)—1;[=261—4(1Jr17)5—c1 —c,>(<) 0 iff 5 < (>)ME 5, and 0 I} =—4(1+b)<0

4(1+b)

. 2a- _ _
forall 5>0. Moreover, § — 3" = — (ate) (aze) (¢-q) >0 . These imply that [T" <TT" if
4(1+b)  2(1+b) 4(1+b)

5" <8 <5, II” >TI" if 8" <5 <5, and the relative sizes of [1° and 1" are uncertain if

St<5<6". Thus, we will analyze the relationships among 5°, " and 5 below using the first-
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order conditions of (+", f7,5").

As in Case a, we start with the interior solution derived by oL =0, or =0 and

a

e LR LR AN BN I ER

Thus, by 5’>5L,wewillhave St <5< if 2—2>0 at 5=5‘;and 5 <8 <5 or 8" <8 <Sif

% <0 at §=3. Therefore, it remains to identify the sign of 2—§ as follows.

Note that oL =0 implies
o

2(1- 3, - ﬂz)[zrl ~U, |77 -U, |=B[R-R][#] -U, |+ B,[R-R][ # ~U,]. Substituting it into 2_;

ylelds 5 =D- [R k] -M , where

5 2
M = B[ 2a-4(1+b)5-2¢, | 7] ~U, |+ B,| 2a-4(1+b)5 - 2¢, | #] ~U, | with
o 4(1+b){p‘3[7z§ U, |+ [ —(_Jl]}+2(,b’1 +B,)[a=2(1+b)5-¢ |[a=2(1+b)5 ¢, |

35|y, ﬂl[a_2(1+b)5—c1]+ﬂ2[a—2(1+b)5—c2]}

We have M =0 and %—A;[<O at r’ and & . Moreover, at 5=3,
M = B[ 2a—-4(1+b)5-2¢, || 7} ~U, |+ B,[ 2a—4(1+b)5 - 2¢, || 7 - U,
4r

- (2a+cl—302—4rT)(2a—c1—02) (2a—3cl+cz—
(0201){ﬂ1[ 16(1+b) -/ 16(1+

]
’ (2a—cl—cz)
s |

Thus, if M <0 at 5=3,then %<0 at 5:5',andhence §T<5.Ontheotherhand, at 5=95",

-, —2rT)(a—cz)
4(1+b)

-/, -1

>0 and

Mzzﬂl(czcl){(a -/1-U,

%:{—4(1+b){ﬂl [ﬁzT —Q2J+,6’2 |:7Z'1T —l_]l]}—2r,6’l (02 —cl)}<0. We then have 0" <" . Thus,

5" <& <S5 and hence IT" >IT". In contrast, if M >0 at 5=5, then

=B Ve [ U] 5B+ B)ermaf —r| Ales=a)-5Ai(er =) <0.

and hence & >3 . Moreover, we have H(ézi)—H(ézéL)z ~2a(e+6)~(a—¢)(e-¢) <0.
1+b 2(1+0)
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This implies the existence of 5= (a _Cl) with & <8 <—— to ensure [1(o = 5:) =[1(6=5").On
2(1+b 1+b

—

the other hand, we have & < 5 as shown in the beginning, and & <& implied by
(a —q —2rT)(a—cl)

—fT—l_]l <0 at 5=6:. Thus, we obtain
4(1+b)

M=-2p, (02 —cl)

0" <5< <5<7%, and hence [T" >IT".
It remains to show that 7z >z >0 and 7, >z, =0. Since 7, >0 as assumed in our model
and 7, =0 as shown by Proposition B, it remains to prove 7 >z, . Under c, €(c¢,,¢,], the optimal

contract is the unit-fee scheme in Liu et al. (2018), and can be either the two-part tariff or the unit-fee
scheme in our model.?° In the following, we will only compare the optimal unit-fee contract and

minimum throughput (#", ") in our model with the optimal contract (#*, ") in Liu et al. (2018) as
the same arguments can be applied to compare our other types of contracts with (#*, ") in Liu et al.
(2018). Moreover, we will compare (', 5") and (#*, ") through the level curve of 7, as follows.

Given any unit-fee scheme (7 ) and minimum throughput requirement (& ), operator 1’s profit is
7 = I:a—(l+b)5—c1 —r]é‘ by Lemma 1(iii) with %: a-2(1+b)6—c,—r<0 dueto

a—2(1+b)§—cl—r<a—2(1+b)52—cl—r=_b(az_—cli_r)<0 and %:—&o. Thus, given the
+ r

level curve of 7, 7, =k for some fixed real number & , the implicit function theorem implies that

o5 A s
we can express O as a function of » with —=-/ = < 0. This means
or Sk a-2(1+b)6—c —r

units to ensure

that when 7 increases by one unit, 5 needs to decrease by % 2(1 b5) 5 %
a—-2(1+ -6 -r

x, =k remains unchanged. Moreover, at (", 5"), we have
90 5" —(a-¢,)

= = 0
al”{rL,é-L} a-2(1+b)6" —¢ —r" (1+b)(a+201—3cz)<

a+2(1+b)c,
3+2b

shown by Proposition B(i), the optimal minimum throughput requirement 5 can also be expressed

by a+2c¢,—3c, >a+2c, -3¢ >a+2c, -3¢, >0 with ¢ = > C,. On the other hand, as

2In the proof of Proposition 2, we demonstrate oL _ 1) oL , oL oL _ 0 and o 0, allowing us to solve the
o of or of 05
three endogenous variables, »,d , and f using two equations. Thus, the optimal contract can be either a two-part

tariff scheme or a unit-fee scheme.
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— — L f—
G d 00" (r) 1

as a function of the unit-fee rate » with & (r) = a =——<0. Some
1+b or 1+b
calculations yield
08" (r) 98 -1 —(a—c,) ~ 2(c,—¢) o

or orlii st :1+b_ 1+b6)(a+2¢c -3¢,) (1+b)(a+2c —3c
[rt.ot} (1+0)( 1=3¢,)  (1+D)( 1=3¢,)

This implies that starting from (#*, 6"), given that » decreases by one unit, the value of & needs to

increase to ensure 77, =k will be greater than the value that 5*(r) increases to keep 7, =k .

Moreover, as shown above, we have 5" <&” and 6" <42 " by [a—(1+b)5—c,—r]6 >0, which
1+b
then implies ' <7 and 6" (r) < =G stny. By letting ¢ = (a-c,) , We can
1+b (1+b)(a+2¢ —3c,)

have
L

_ T
A +1: y=2,(7,SE ) <2, 8Ty = 2

Here 7,(r",6")=r,(r",5" + €(r* —r")) holds because the changes in 7 and & can ensure 7,

—(a—c,)

remains unchanged if 9 _ = —¢ is satisfied,?! and
or  (1+b)(a+2¢ —3c,)

mt=m (6 = 1 (7,8t v e(rt —rT) <m (7,8t +

T

L —_—
""" holds due to 2L <0 and
b 065

(", 0" + et —r" ) <m0 + "
+

1 2(02—61)
E — =
1+b  (1+b)(a+2c, -3c,)

Proposition 4(iiia).

> 0. These then imply 7le > 7[1L >0 . All the above prove

Proof of Proposition 6: According to Lemma 1, there are three cases as follows. Once more, we

concentrate on the situations of 7] >U,, 7, >U, and W® >W to avoid uninteresting solutions.

. a-r bc —2c 2 2
Case 1: Suppose 6 €[0,6,] with &, = 5o 41—b22 . We have 7/ :(qlT) —f, :(qu) -7,

and WS =(a—c,—r)q +(a—c,—r)q,—L[q +2bq,q, +q;]1-2f . Accordingly, the problem in

(17) becomes

-8 —
mMax,»o 10,520 WS —w1h ﬂz)[”{ _Ql]ﬂl [7; _Qz]ﬂz

21This equality holds when »* and r" are close to each other. If they are not, then we will have
x(r', 0" )y <m (r',8" +e(r" —r")) by the convexity of the level curves of 7, and our conclusions still hold.
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st. 0<5<5, 0<r<7, 20, 7/ >U,, 7} >U, and W* 2W . (A47)

The same arguments as in Case 1 of Proposition 2 can be applied here. Define
L= [WS - I/l/](l_ﬂl i |:7Z1T -U Jﬂl [ﬁf -U, Tz , and the corresponding Kuhn-Tucker conditions
associated with problem (A47) are

S0 fo-a-s vt e oo L row e -u)f

L R AR G A R A AR L RV R

ows —(3+b)(q/ +43 )

where D = {[WS _Vl/]_(ﬂl‘*'ﬁz)[ﬂ.lT _Ql ]—(l—ﬁl)[ﬂ-zT _QZ ]_(1_’82)} > 0. Since or = 24 b <0
S
and "o 0, we have Z_L <0 and Z_jLr <0. This implies 7* =0 and f* =0, and hence there
r

exists no meaningful fee-charging contract. Instead, it is optimal for the port authority to subsidize
the operators.

2+b
=2[(2-b)a-r)—(2-b*)5 +bc, —2¢,]— f and
=(a-c,—r)q, +(a—c,—r)8 —L[q} +2bq,6 + 5*]-2f . Accordingly, the problem in (17)

becomes

Case 2: Suppose 5 e(5,5,] with 5, =527 > 5. We have 7/ _( ) — f with ¢/ =975 5

1- —
Max, o, 10,520 s w1l -u V) -U, 1"

st. 6,<80<8,,0<r<7, >0, 7] 2U,, z >U, and W° 2 W . (A48)
The corresponding Kuhn-Tucker conditions in problem (48) are as follows.

% _p. {(l B )20 T 0[] ~U, |- Bl [ s 5 - |- 252 .5 T 0 s - W}}<0 r-

% D 21- A=)l U | A =, |- 5w = 0. 1
_R_ LWS T _ T _ _ T[T _ S
&b (=A=B) S5 | ~U | 7 = |-bhal | =5 U, [ - | <0,5.% o,

%ﬂz[(z—b)(a—r)—2(2—b2)5+bc1—2c2J[7z{—gJ[WS—WJso

where D= {[WS WAl U TR U, ]*“*ﬁz)} >0. Since
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ows 1 1 2-b ows
o =Rl g o0 mnd

=-2<0, we have a—L<O and 8—L<O by
or of

a! >U, and W* >W for i=1,2. These imply »* =0 and f* =0. Again, the subsidy is the best

choice for all three parties. However, we need to solve 0° by & - 2—2 =0, which is consistent with

r’=0 and f*=0.

The sign of 2—2 depends on the values of the three parts: (1- 4 — ﬂz)aé—wgs[ﬂ{ —QJ[HZT —QZ} ,
bpal| 75 ~U, | W*-W| and % B[ 2-b)a-r)=22-b)5+be = 2¢, || ] ~U, [ WS-W]. Since we

. . . . oL
cannot assess the relative magnitudes of these three terms, we cannot determine the sign of 35 nor

2
. . L
can we determine the sign of Y

for § €(5,, 6,].2 However, if the optimal 5° exists, then we must

oL .
have &* €(5,,5,] and 5 0 at 0 =0". In other words, if the model’s parameters

(B, p,,b,c,c,, U, U, W) satisfy condition G with

(2-b)a+bc, —2c, a-c

Py <o’ < b and
: ) —%(4—31)2)[7[{—QJ[;ZZT—l_/z}—%b(a—cl—b55)[(4—3b)a+3bcl—4c2—(4—3b2)55][7r§—(_]2]
1-4 -5
- +é[(2—b)a—2(2—b2)5s+bc1—2cz][(4—3b)a+3bcl—4cz—(4—3b2)55][n{—g]
G= y %(a—cl 5 ) (2=b)a—2(2-b")8" +bc,~2¢, |[W° - W]
Bt
+é(a—cl—b55‘)[(4—3b)a+3bc1 4c, - (4 3b2)55][ ]—%[n{—gz][Ws—Vz]
—2(2—b2)[;zf—z_Jl][WS—W]——b(a ¢ —b5" ) (2=b)a—2(2-b)S" +be, -2, || W -1 |
+_
2 +i[(2—b)a—2(2—b2)5s+bcl 2, |[ [4 3b)a+3be, - 4c2—(4—3b2)5S]
(A49)
then the optimal contract is 7' =0, /' =0 and
22For instance, we have w =—3b(a_c'_ )+(a c, —r) (4 * )5 >0 at 6 =9, iff c, <(2_b) (a—zr)+4bcl .
o5 4 4+b

S

ow oL
Even though > 0, we cannot determine the sign of — . Similar arguments can be applied to the other terms.
) )
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(4-3b)a+3bc, —4c, —(4-3b" )
4

+%ﬁ2 [@-b)a—2(2-b")8 +be, = 2¢, |[ x| -U, |[W* -W ]

(-5~ 5.) (7 -U, ][ 71 -U, |-bBal [ U, |[W* -]

o earg =0¢.

(AS50)

Case 3: Suppose 55(52,L) with 6, =52"> 6. We have 7] = [a 1+b)5—c, —r]& f

[a 1+b)5 - cz—rjé f and W = [Z(a—r —c2]5—(1+b)52—2f.Accordingly,the

problem in (17) becomes
max,..o, r>0,5>0 [WS - VE](l_ﬁl _ﬁZ)[ﬂlT - Ql]ﬂl [7[2T - (_jz]ﬂ2

s.t. 52<5<£, 0<r<7, /20, 2 >U,, ' >U, and WS =W .  (A51)
+

Its Lagrange function is
S_p-A [ 7y VT g P _ e 7o
WS W] (= -U ] [7% -U, | +4(6 52)%(”[) 5J+ﬂ3(r r)

+4, (7[1T _Ql)+ﬁ“5 (ﬂzT _(_]2)+ﬂ’6 [W_VE]

L=

b

where A, , 4, , 4, ,A4,, A and /4, are the respective Lagrange multipliers associated with the five

inequality constraints in (A51). Again, as in Case 2, we have Z; = ﬂ: = /15* =/1ék =0 and Z: = ﬂ; =0

by 0,<6< %. Thus, the Kuhn-Tucker conditions for (»*, f°, ") are given below.
+

L {204~ pyo[[al -0 |71 U - oW W[ 7L~ |- poo0v* W[l ~U, ]} <0, r- Z—L=0,

or v

6L T T S T S T aL
5 DA{21-p-p) [ ~U, |7 U, |- AW -1zl -U, |- IV W] = —t_fl}}so,fE:o,

T
2

& {a pi-) 2 al -u [ —_]+/za”‘[ ][l -u, ]+ 5, 2w —vz][nf—qu}so,é-j—}o.

o5
S S
Since d =-20<0 and ow =-2<0, we have a—L<O and 8—L<O.Theseimply r'=0
or 0 or of
and f° =0, and hence the subsidy is the best choice for all three parties. Moreover, we have
on| or,
=a-c,—r-2(1+b)o<0, —2=a-c,—r-2(1+b 4y,
08 : (1+2) 5 ’ (1+#) Y 1+b
ow® . 2(a—r)—c -c
=2(a-r)—c —c,-2(1+b)6> ()0 iff < (= .2 Note that
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2(0[—1’)—6’1 -, .

.23 Thus, there are two situations as follows.
2(1+b) 1+b

0, <

. . —r)—c — L ow* o’ on!
First, if 5 ¢ 2(a-r)=¢ cz, 4 1, then 8_<0 by <0, <0 and Z2 <0, These
2(1+b)  1+b 06 85 06 05

2(a-r)-¢ ¢ . Second, if 5¢| 5, 2(a-r)-c ¢ , then
2(1+b) Y 2(1+0)

imply 6° =0, which contradicts o >

ow?
00

7T2T _ (a—cl)[a+(1+b)c1 —(2+b)c2]

A77=C o 71706 <2(a—r)—cl—c2
1+b 1+b 2(1+5)

S0 iff o, < 2HIHB)e
(2+b)’ ? 2+b

. (=B -B)[2(a=r)—¢ =, =2(1+b)5 [ ] U, |[#] -U, |
+5 [a—cl—r—2(1+b)§J[WS—VZJ[7rzT—(_fz}rﬂz[a—cz—r—2(1+b)§][WS—VZJ[ﬂ1T—QIJ .

>0, 7y =[a—(1+b)S—c,—r |6 —f >0 iff 5<

at §=0,, and %:D-K,where

Some calculations show

K=pla—c—r=2(1+b)5|[WS-W][#] -U, |+ B, [a—c, —r=2(1+b)5 |[W* -W | #] -U, | <0 at
3 Z(a—r)—cl—c
— 2(1+b)

(-B-B)2(a=r)-¢ =, =2(1+b)5 |[ x| ~U, ][ 7} ~U, |, Bila—c—r=2(1+b)S|[WS W |[ 7] -U, ]

2 . Since the sign of K depends on the relative values of the three terms:

and g, [a -c, —r—2(1+b)5J[WS —VZ][@T —(_]J , the sign of 2—1; is uncertain, and so is the sign of

oL ) ) s . ) ) )= — ,
% . However, if an optimal 0° exists, then it must satisfy §* ¢ ((52’ 2(a r) il C2J at §=5°.

2(1+0)
T ; .\ a+(1+b)c a-r-—c,
Moreover, to ensure 7, >0 at 6 =¢°, the conditions ¢, <————— and 0 < are
2+b 1+b
.. . ) a+ (1 + b)c1
needed. That is, if the model’s parameters (4, 5,,b.¢,,¢c,,U,,U,, W) satisfy ¢, <————— and the

2+b
condition J with

Z(a—r)—cI —c, 2r+c +c, Z(a—r)—cI —c¢, [2a+2r-cb+c, (2+D)]

BWe have —— = >0 and § -
1+b 2(1+b) 2(1+b) : 2(1+b) 21+ b)(2+b)
[-2a+2F —ch+c,(2+b)] b’ (e, ~¢)
< - = - <0.
21+ b)(2+b) 2(1+b)2-b)2+b)
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a—c o _a-—c,

2+b (1+b)’
s [—Z(Hb)[ T-U, ][ -U, | +[2a-c,- (1+b)§}[a—cl—2(1+b)§“}[7zzr—U2}]
+[2a-¢, (1+b)5}[a - (1+b)§ = -u ]
/= +ﬁ[[a 6 -2(1+6)5* [2(a-r) -~ ¢, ~2(1+b)5* | 7} U, ] }
Hea-¢ -2(1+6)5 ][w* ][a ¢, ~2(1+b)5 }21+b[ - ][] -U,]
+ﬁ2{_2 (1+6)5° [ WS —W |[ 2] U, |+[a—c, —2(1+b)5* |[2a—¢, ¢, ~2(1+b)8* | =] —UJ]

Il -u]+
+[a c,— 1+b5}[WS }[a ¢ —2(1+b)6 J

and

, (A52)
<0

then the optimal contractis »* =0, f° =0 and
(1-B- B[ 2a-¢ —¢,=2(1+b)5 ][ # -U, |[ 7 -U, |
5 earg +ﬂ1[a—cl— (1+b)5}[ —VE][ﬂz —l_]z] =0;. (AS3)
+B,[a—c,=2(1+b) S |[ WS W | = U, |

In summary, there are two equilibrium solutions: one is given in (A50) under the condition
(A49), and the second one is given in (A53) under the condition (A52). These confirm Proposition 6.
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