
Trigonometric Functions

• Measurement of Angles
• Trigonometric Functions 
• Differentiation of Trigonometric Functions
• Integration of Trigonometric Functions
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12.1   Measurement of Angles
An angle consists of two rays that intersect at 
a common end point. 

Terminal ray

Initial ray
θ
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Positive and negative angles



Supplementary angles 
C

A O B
Complementary angles
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Quadrants

Converting degrees to Radians
where x is the number

of degrees and f (x) is the number of radians. 
radians, 

180
)( xxf π
=
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Converting Radians to degrees
where x is the number

of radians and g (x) is the number of degrees.

The radian and degree measures of the common
angles:

degrees, 180)( xxg
π

=

Radians
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Example 
Convert           to radian measure. 
Solution

Example 
Convert              to degree measure. 
Solution
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12.2  Trigonometric Functions
If P is a point on the unit circle and the 
coordinates of P are (x, y), then

y=θsin x=θcos

θ
θθ

cos
sintan ==

x
y

θ
θθ

sin
coscot ==

y
x

θ
θ

cos
11sec ==

x θ
θ

sin
11csc ==

y
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The Unit Circle and the Point P (x, y)

r y

x
θ

P(x, y)
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Graphs of Trigonometric Functions

The graph of sin x
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The graph of cos x
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The graph of tan x
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The graph of cot x
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The graph of )
3

2sin(3 π
−= xy



The graph of                                   (red)
The graph of  

)
3

2sin(3 π
−= xy

)
3

2sin(32 π
−+= xy



Trigonometric Identities

Pythagorean Identities

1cossin 22 =+ xx

xx 22 sec1tan =+

xx 22 csc1cot =+
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Half-Angle Formulas

Double-Angle Formulas

( )xx 2cos1
2
1cos 2 +=

( )xx 2cos1
2
1sin 2 −=

AAA cossin22sin =
AAA 22 sincos2cos −=
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Sum and Difference formulas

Cofunctions of Complementary Angles

BABABA sincoscossin)sin( ±=±
BABABA sinsincoscos)cos( m=±

⎟
⎠
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⎝
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2
sincos π
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Example 
Verify the identity 

Solution

x
x

xx sin
tan
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=

−
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12.3  Differentiation of Trigonometric    
Functions

Two Important Limits

1sinlim
0

=
→ x

x
x

01coslim
0

=
−

→ x
x

x
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Derivatives of the Sine and Generalized Sine
Functions

[ ] [ ] )()(cos)(sin

cos)(sin

xfxfxf
dx
d

xx
dx
d

′=

=
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Derivatives of the Cosine and Generalized
Cosine Functions

[ ] [ ] )()(sin)(cos

sin)(cos

xfxfxf
dx
d

xx
dx
d

′−=

−=
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Example 
Find the derivative of 

Solution
Using the product rule, we have 

( )xxxf sin)10()( +=

( ) ( )
xxx

xxxx

xf
dx
df

cos)1(sin
sin)1(sin)10(

)(

++=

′++′+=

′=



Example 
Find the derivative of the function 

Solution
Since 
we find 
then we have

)6103sin()( 2 +−= xxxg

6103)( 2 +−= xxxf
106)( −=′ xxf

)6103cos()106()( 2 +−−=′ xxxxg



Example 
Find the derivative of the function

Solution

xxexg 3cos25sin)( −=

( )( )
( )( )xxe
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Derivatives of Other 
Trigonometric Functions

Derivatives of Tangent Functions

[ ] [ ] )()(sec)(tan
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Derivatives of Cotangent Functions

[ ] [ ] )()(csc)(cot

csc
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Example
Differentiate the function 

Solution
and so 

Using the chain rule, we have 

)73tan()( 2 −+= xxxh

73)( 2 −+= xxxf 32)( +=′ xxf

( ) )73(sec32)( 22 −++=′ xxxxh



Derivatives of Secant Functions

[ ] [ ] [ ]

(sec  ) (sec  )(tan  )

sec ( ) sec ( ) tan ( ) ( )

d x x x
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d f x f x f x f x
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=
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Derivatives of Cosecant Functions

[ ] [ ][ ] )()(cot )(csc)(csc

) )(cot (csc) (csc

xfxfxfxf
dx
d
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d

′−=

−=
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Example 
Find the equation of the tangent line to the 
graph of the function                       at 
Solution
The slope of the tangent line at the given point
is 

Therefore, the equation of the tangent line is

xxf 2 cot)( = .0,
4
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The graph of the function 
The graph of the tangent line

xxf 2 cot)( =
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12.4   Integration of Trigonometric  
Functions

Formulas
( )
( )
( )
( )
( )
( )∫
∫
∫
∫
∫
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Example
Evaluate 

Solution
Let                           then
We have  
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Example 
Find the area under the curve of         
from t = 0 to t = 
Solution
The required area is 
given by

ttf sin)( =

( )

( ) 2

 sin

 cos
0
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Example 
Find the area under the curve of         
from t = 0 to
Solution
The required area is 
given by  

.
4
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