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Calculus of Several Variables

8
• Functions of Several Variables

• Partial Derivatives

• Maxima and Minima of Function of Several Variables

• The Method of Least Squares

• Constrained Maxima and Minima and 

the Method of Lagrange Multipliers

• Double Integrals
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8.1 Functions of Two Variables
A real-valued function of two variables, f, 
consists of

1.  A set A of ordered pairs of real numbers 
(x, y) called the domain of the function.

2.  A rule that associates with each ordered 
pair in the domain of f one and only one real 
number, denoted by z = f (x, y).
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Ex. Let  f be the function defined by
2 3( , ) 3 2 .f x y x y y= − +

Find  (0,3) and (2, 1).f f −

( ) ( )2 3(0,3) 3 0 (3) 2 3f = − +

25=
( ) ( )2 3(2, 1) 3 2 ( 1) 2 1f − = − − + −

15= −
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Ex. Find the domain of each function
2a.  ( , ) 3 2f x y x y= −

Since f (x, y) is defined for all real values of 
x and y, the domain of  f is the set of all 
points (x, y) in the xy – plane.

b.  ( , )
2 3

xg x y
x y

=
+ −

g(x, y) is defined as long as 2x + y – 3 is not 0.  
So the domain is the set of all points (x, y) in the 
xy – plane except those on the line y = – 2x + 3.   



2012/5/27
Page_537



2012/5/27
Page_537



2012/5/27
Page_538

Amortise:分期償還(債務等); Mortgage:抵押
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Graphs of Functions of Two Variables
Three-dimensional coordinate system: (x, y, z)

Ex. Plot (2, 5, 4)

z

y

x

2
4

5
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( )
22

22sin

yx

yx
z

+

+
=The graph of
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3xyz −=The graph of 
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Level Curves
• f (x, y) is a function of two variables.  

• If c is some value of the function f, a trace of 
the graph of z = f (x, y) = c projected in the xy-
plane is called a level curve.

• A contour map (輪廓圖) is created by 
drawing several values of c.
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Ex. Sketch the level curves for the function 
3( , )  f x y y x= − corresponding to z = –1, 0, 1, 2.  

We have the family of curves

C = –1
C = 0
C = 1
C = 2

Cxy += 3

x

y
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8.2 First Partial Derivatives of f (x, y).
f (x, y) is a function of two variables.  The first partial 
derivative of  f with respect to x at a point (x, y) is

0

( , ) ( , )lim
h

f f x h y f x y
x h→

∂ + −
=

∂

provided the limit exists.  

The first partial derivative with respect to y at (x, y) is

0

( , ) ( , )lim
k

f f x y k f x y
y k→

∂ + −
=

∂
provided the limit exists.
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Notes
• Figure 12: approach a point in the plane from 

infinitely many directions. 
• Figure 13: The curve C is formed by the 

intersection of the plane y=b with the surface 
z=f(x,y). 

• Figure 14: The curve C is formed by the 
intersection of the plane x=a with the surface 
z=f(x,y).

• First partial derivative of f with respect to x at 
(a,b)
– This derivative, obtaining by keeping the variable y fixed and 

differentiating function f(x,b) w.r.t. and evaluating at x=a. 
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Ex. Compute the first partial derivatives of the 
function: 2( , ) 3 lnf x y x y x y= +

6 lnxf xy y= +
2 13yf x x

y
⎛ ⎞

= + ⎜ ⎟
⎝ ⎠

Ex. Given the function g(x, y), compute gy.
2

( , ) xy yg x y e +=

( ) 2

2 1 xy y
yg xy e += +
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The Cobb-Douglas Production Function

• a and b are positive constants with 0 < b < 1. 

• x stands for the money spent on labor. 

• y stands for the cost of capital equipment.

1( , ) b bf x y ax y −=

fx is the marginal productivity of labor.
fy is the marginal productivity of capital.
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Ex. A certain production function is given by
1/ 4 3/ 4( , ) 28f x y x y=

units, when x units of labor and y units of capital 
are used.  Find the marginal productivity of 
capital when labor = 81 units and capital = 256 
units.

1/ 4
1/ 4 1/ 421 21y

xf x y
y

− ⎛ ⎞
= = ⎜ ⎟

⎝ ⎠
1/ 481 321 21 15.75 

256 4
⎛ ⎞ ⎛ ⎞= = =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

So 15.75 units per unit increase in capital expenditure.
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Substitute and complementary 
commodities

• Two commodities are substitute 
(competitive) commodities if 
– a decrease in the demand for one results in 

an increase in the demand for the other, such 
as coffee vs. tea. 

• Two commodities are complementary 
commodities if 
– a decrease in the demand for one results in a 

decrease in the demand for the other, such as 
automobiles vs. tires.
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Substitute and Complementary Commodities

Two commodities A and B are substitute commodities
if

0  and  0f g
q p
∂ ∂

> >
∂ ∂

0  and  0f g
q p
∂ ∂

< <
∂ ∂

Two commodities A and B are complementary 
commodities if
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Ex. Compute the second-order partial derivatives 
of the function: 2 3 5( , ) lnf x y x y x x y= + −

3 42 5 lnxf xy x y= + −
2 23y

xf x y
y

= −

Second-Order Partial Derivatives

3 32 20xxf y x= +

2 16xyf xy
y

= −

2
26yy

xf x y
y

= +

2 16yxf xy
y

= −

First 
partials

Second 
partials
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8.3 Maxima and minima of functions of 
several variables 
Let f be a function defined on a region R containing 
(a, b).
f (a, b) is a relative maximum of  f if ( , ) ( , )f x y f a b≤

( , ) ( , )f x y f a b≥f (a, b) is a relative minimum of f if 
for all (x, y) sufficiently close to (a, b).

for all (x, y) sufficiently close to (a, b).

*If the inequalities hold for all (x, y) in the domain of 
f , then the points are absolute extrema. 
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Notes

• Figure 16 (p559)
• Figure 17 (560)
• Figure 18 (p561): Saddle point (馬鞍點)
• Figure 19 (p561)
• What are conditions required for the 

relative extrema?
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Critical point of f

• A critical point of f is a point (a,b) in the domain 
of f such that both                                     at the 
point (a,b) or at least one of the partial 
derivatives does not exist. . 

0,    and   0x yf f= =
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Determining Relative Extrema
1.  Find all the critical points by solving the system

0,    and   0x yf f= =

2.  The 2nd Derivative Test:  Compute
2( , ) xx yy xyD x y f f f= −

( , )D a b ( , )xxf a b Interpretation
+
+

+

–
0 

–
Relative min. at (a, b)
Relative max. at (a, b)

Test is inconclusive
Neither max. nor min. at (a, b)
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Ex. Determine the relative extrema of the function
2 2( , ) 2f x y x x y= − −

2 2 0 2 0x yf x f y= − = = − = So the only critical 
point is (1, 0).

( )( ) 2(1,0) 2 2 0 4 0D = − − − = > ( )1,0 2 0xxf = − <and

2, 0xx yy xyf f f= = − =

So f (1,0) = 1 is a relative maximum 
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The graph of 222 yxxz −−=
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8.4 The Method of Least Squares
• The method of least squares (LS) is used to determine a 
straight line that best fits a set of data points when the 
points are scattered about a straight line. 

• Functional relationship vs. Statistical relationship

least squares 
line

x

y
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Notes

• Statistical relationships are more common 
than the functional relationships in practice. 

• LS method is quite useful for finding the 
approximate relationship. 

• Figures 22-23 (p570). 
• Least-squares line or regression line, 

obtained from the LS method. 
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The Method of Least Squares

( ) ( )2 2 2
1 2 1 2 1 1 2 2... ... ...n n n nx x x m x x x b x y x y x y+ + + + + + + = + + +

( )1 2 1 2... ...n nx x x m nb y y y+ + + + = + + +

Given the following n data points:

The least-squares (regression) line for the data 
is given by y = mx + b, where m and b satisfy

and

1 1 1 2 2 2( , ), ( , ),..., ( , )n n nP x y P x y P x y

simultaneously. The above two equations are called the 
normal equations. 
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Ex. Find the equation of the least-squares line for 
the data 

1 2 3(1, 2) (2,3) (3,7)P P P

(1+4+9)m + (1+2+3)b = 2 + 6 + 21 
(1+2+3)m + 3b = 2 + 3 + 7

14m + 6b = 29
6m + 3b = 12

m = 2.5, b = –1  

2.5 1y x= −

( ) ( )2 2 2
1 2 3 1 2 3 1 1 2 2 3 3x x x m x x x b x y x y x y+ + + + + = + +

( )1 2 3 1 2 3x x x m nb y y y+ + + = + +
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Ex. The following date give the percent of people 
over age 65 who have high school diplomas. 

Year x           0              6               11             16              22 26

Percent with diplomas
y           19              25           30              35              44 48

Here, x = 0 corresponds to the beginning of the year 1959. 

1. Find an equation of the least-square line for the given data.

2. Assuming that this trend continues, what percent of people 
over age 65 will have high school diplomas at the beginning 
of the year 2005. 

. . .



2012/5/27

1. We need to find the equation of least-squares for 
the given data. 

1.13 18.23y x= +

( )
( ) ( )

1 6 1 6

2 2
1 6 1 6 1 1 6 6

                  ... ...

... ... ...

1573 81 3256
   1.13 and 18.23

  81   6 201 

nb x x m y y

x x b x x m x y x y

m b
m b

m b

⎧ + + + = + +⎪
⎨

+ + + + + = + +⎪⎩

+ =⎧
⇒ ≈ ≈⎨ + =⎩

Therefore, the required least-square line has the equation: 

Solution 

. . . . . .
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Solution (cont.)

2. The percent of people over the age of 65 
who will have high school diplomas at the 
beginning of the year 2005 is given by 

or approximately 70.21%.
( )(46) 1.13 46 18.23 70.21y f= = + =
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8.5 Constrained Maxima and Minima 
and Method of Lagrange Multipliers

Determining the relative extremum of a function f
(x, y) subject to the the independent variables x and 
y satisfying one or more constraints, see Figure 26.

Constrained 
maximum

constraint

maximum

x

y

z
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The Method of Lagrange Multipliers
To find the relative extrema of the function f (x, y) 
subject to the constraint g(x, y) = 0.

1. Form an auxiliary (Lagrange) function.
( , , ) ( , ) ( , )F x y f x y g x yλ λ= +

2. Solve the system:
0, 0, 0x yF F Fλ= = =

3. Evaluate f at each of the points (x, y) found in    
step 2.  The largest is the max., smallest is the 
min.
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Ex. Use the method of Lagrange multipliers to find 
the constrained relative maximum of the function

2 2( , ) 1f x y x y= − − subject to 2.x y+ =

( )2 2( , , ) 1 2F x y x y x yλ λ= − − + + −

2 0
2 0

2 0

x

y

F x
F y

F x yλ

λ
λ

= − + =
= − + =

= + − =

1 1,
2 2

x yλ λ= =

and 2λ =

F has a constrained maximum at x = 1, y = 1.
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8.7 Double Integral

( , )
R

f x y dA∫∫

The double integral of  f (x, y) over the region R is 
denoted

If f (x, y) is nonnegative, then the integral 
gives the volume of the solid bounded above 
by z = f (x, y) and below by the plane region 
R.
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Evaluating a Double Integral Over a 
Rectangular Region (x and y are not related)

( , ) ( , )
d b

c a
R

f x y dA f x y dx dy⎡ ⎤= ⎢ ⎥⎣ ⎦∫∫ ∫ ∫
Let R be defined by    and  a x b c y d≤ ≤ ≤ ≤

Then

R

( , )f x y

x

y

z
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Ex. Evaluate

( )4 2 2

2 1
( , ) 3 4

R

f x y dA x y dx dy⎡ ⎤= +⎢ ⎥⎣ ⎦∫∫ ∫ ∫

2( , ) ,  where ( , ) 3 4
R

f x y dA f x y x y= +∫∫
and R is the rectangle defined by 
1 2 and 2 4x y≤ ≤ ≤ ≤

( )
4

2
7 4  y dy= +∫

60 22 38= − =

( ) dyxyx  34

2

2

1
 4∫ +

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

( ) 27 2 4

2
yy+=
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Evaluating a Double Integral Over a 
Plane Region (x and y are related)

Suppose g1(x) and g2(x) are continuous on [a, b] and 
( ){ }1 2, | ( ) ( ); .R x y g x y g x a x b= ≤ ≤ ≤ ≤ Then

( ) 2

1

( )

( )
, ( , )

b g x

a g x
R

f x y dA f x y dy dx⎡ ⎤= ⎢ ⎥⎣ ⎦∫∫ ∫ ∫

Suppose h1(y) and h2(y) are continuous on [c, d] and 
( ){ }1 2, | ( ) ( ); .R x y h y x h y c y d= ≤ ≤ ≤ ≤ Then

( ) 2

1

( )

( )
, ( , )

d h y

c h y
R

f x y dA f x y dx dy⎡ ⎤= ⎢ ⎥⎣ ⎦∫∫ ∫ ∫
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Ex. Evaluate

( ) ( )

( )
( )

2

2

2

2

1 2

1

21

1

1 3 2

1
1

1

2 2

2  

2 4 2 4  

4 3 2

1 9 1 3 1 6
6 6 3

 

1 4   4  
2 3

x

x
R

x

x

x y d A x y d y d x

d x

x x x d x

x y y

x x x x

−

−

−

−

−

−

⎡ ⎤+ = +⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥=
⎢ ⎥⎣ ⎦

= − − + +

=

−⎛ ⎞= − =⎜ ⎟
⎝ ⎠

∫ ∫ ∫ ∫

+∫

∫

⎛ ⎞− − + +⎜ ⎟
⎝ ⎠

( )2  
R

x y dA+∫∫ where R is the region 
2 2and  2 .y x y x= = −bounded by
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8.8 The Volume of a Solid under a Surface

Let R be the region in the xy-plane and let f be 
continuous and nonnegative on R. Then,  the 
volume of the solid bounded above by the surface 
z = f (x, y) and below by R is given by 

( , )   
R

V f x y d A= ∫∫
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Example
Find the volume of the solid bounded above by the
plane z = f (x, y) = y and below by the plane region R

( )

22 11 1 1
2

00 0 0

11
2 3

0 0

( , )     

1   
2

1 1 1 11  
2 2 3 3

R R

xx

V f x y d A y d A

y d y d x y d x

x d x x x

−−

= =

⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥= =
⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎛ ⎞= − = − =⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

∫∫ ∫∫

∫ ∫ ∫

∫

( )2defined by  1   0 1 .y x x= − ≤ ≤
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Average Value of  f (x, y) Over the 
Region R

If f is integrable over the plane region R, then its 
average value over R is given by

( , ) ( , )

Area of 
R R

R

f x y dA f x y dA

R dA
=

∫∫ ∫∫

∫∫
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Ex. Find the average value of 

( )
2

2 31 12

0 0 0
0

2 2
3

x
x yx y dy dx xy dx

⎡ ⎤⎛ ⎞⎡ ⎤ ⎢ ⎥+ = +⎜ ⎟⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎝ ⎠⎣ ⎦
∫ ∫ ∫

2 , the - axis, 0 and 1.y x x x x= = =

61 3

0
2  

3
xx dx

⎛ ⎞
= +⎜ ⎟

⎝ ⎠
∫

23
42

=

region bounded by

2( , ) 2f x y x y= + over the

Since
1 2

0

1 ,
3

x dx =∫ the average value of f is
23/ 42 23
1/ 3 14

=
Area of region

 
21
1 

2
1 74

1 

0 

⎟
⎠
⎞

⎜
⎝
⎛ += xx
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